CONTINUITY OF HEIGHTS IN FAMILIES AND COMPLETE
INTERSECTIONS IN TORIC VARIETIES

PABLO DESTIC, NUNO HULTBERG AND MICHAL SZACHNIEWICZ

ABsTrRACT. We study the variation of heights of cycles in flat families over
number fields or, more generally, globally valued fields. To a finite type scheme
S over a GVF K we associate a locally compact Hausdorff space Sgygr which
we refer to as the GVF analytification of S. For a flat projective family X C
P% — S, we prove that (s € Sgvr) = ht(X;) is continuous.

As an application, we prove Roberto Gualdi’s conjecture on limit heights
of complete intersections in toric varieties.
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1. INTRODUCTION

In classical algebraic geometry Bezout’s theorem states that generically the in-
tersection of n hypersurfaces of degrees dy, ..., d, in P™ is of degree d; ... d,. If the
hypersurfaces are defined over a number field, one may ask whether it is possible to
compute the Weil height of the intersection in terms of their arithmetic complexity.
This is important, because estimates on Weil heights can lead to finiteness theorems
about rational points. A striking example of this philosophy appears in (Proposi-
tion 2.17 of) [Fal91]. Another example is the arithmetic Bezout’s theorem obtained
in , however it only gives an upper bound for the height of an intersection.
Since Weil heights are also connected to special values of L-functions and periods
(see e.g. Section 4 of [PP24], or [Mai00; |CMO00]) it is desirable to have formulas
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for their exact values. The starting point of our considerations is |[Gual8b]|, where
such a formula was given, for the height of a single hypersurface (r = 1) in a toric
variety, with respect to a semipositively metrized toric divisor.

However, Roberto Gualdi observed in his thesis [Gual8a] that it is not possible
to extend a result of the same nature to r > 2. In fact, he gives examples of
polynomials with the same associated arithmetic data, defining cycles of differing
heights. As a remedy to this issue, he suggested to consider average heights of cycles
with prescribed arithmetic data and formulated the following conjecture, which we
prove in this article.

Theorem 1.1 (Theorem. Let f1,..., fm be Laurent polynomials in n variables
with coefficients in a number field K and let T be a proper toric variety with torus
T = G™ C T. Denote by V; the hypersurface defined by f; and by p; its Ronkin
function. Let (C1,5,...,C(m,j); be a generic sequence of small points in T™ for the
Weil height and let Do, ..., D, _,, be semipositive toric adelic divisors on 7" with
associated local roof functions g, ...,80,—m. Then,

lim deg(Do, .-, D | CL VA0 -+ 0 i Vi)
Jj—oo

- Z Ty MIM(HO,TH e 79n7m7v7p}_/7 cee ap;-,/z)
vEMK

The original conjecture can be found in |[Gual8a), Conjecture 6.4.4]. Let us briefly
describe its contents. The arithmetic degree of a suitably generic complete inter-
section subvariety in a toric variety can be computed as an arithmetic intersection
number of adelic toric divisors. The formulation of the conjecture is in terms of
a convex geometry identity for this intersection number involving mixed integrals.
Mixed integrals and further convex geometry tools are discussed in Section [2.4}

Roberto Gualdi and Martin Sombra have together proved partial results in this
direction. In |GS23| they prove the above result in the case T = P2, m = 2 and
fi(x1,22) = fo(x1,22) = 21 + 22 + 1. Moreover, for this example, they compute
that both sides of the identity in question are equal to the intriguing value %g’;
They have also solved the m = 2 case of the conjecture in |[GS24]. Their methods
fundamentally differ from ours. In particular, their approach relies on local loga-
rithmic equidistribution as in [DH22| while we modify the problem in such a way
that we can apply Yuan’s equidistribution theorem from [Yua0§|.

Said modification can be conveniently phrased in the framework of globally val-
ued fields (abbreviated GVF'). Globally valued fields were introduced by Ben Yaacov
and Hrushovski to serve as a theory of fields with multiple valuations satisfying the
product formula. As such, globally valued fields are closely related to proper adelic
curves as defined and developed in [CM20] by Chen and Moriwaki, see [Ben+ 24,
Corollary 1.3] for the precise relationship. Globally valued fields, however, form a
theory in unbounded continuous logic from [Ben08|, and are therefore amenable to
methods from model theory.

The original motivation of this article was to prove the definability of intersection
products of divisors over globally valued fields, i.e., that arithmetic intersection
numbers parametrized over a base form a quantifier-free definable formula. For the
benefit of Arakelov geometers reading this article, we will phrase this as a continuity
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result First, let us state a version of the ‘continuity of heights’ over Q that does
not require any additional definitions.

Theorem 1.2. Let 7 : X — S be a surjective morphism of projective varieties over
Q, generically of relative dimension d. Let (s;); be a generic sequence of points in
S(Q) such that for every adelic line bundle M on S the value hyz(s;) converges.
Let Lo, ..., Ly be integrable line bundles on X. Then, the arithmetic intersection
number on fibers -
deg(LO N Ld‘Xsl)

converges. Its limit can be described as a certain arithmetic intersection number
over a GVF.

If hyz(s;) converges to "™ 537 for some arithmetically nef line bundle L and

every adelically metrized line bundle M, then d/e%(fo ... L4|X;,) converges to the
intersection number (7* L) ™ ST, ... L,.

The first part corresponds to Theorem (which we state in detail below) and
the latter part to Proposition essentially due to Chen and Moriwaki [CM21]
Proposition 4.5.1]. Equidistribution theorems in Arakelov geometry provide us with
various examples of sequences to which the above theorem can be applied. We note
in particular Yuan’s equidistribution in the form of [Cha21] Lemma 8.2] gives such
examples.

Before stating the ‘continuity of heights’ Theorem [3.1] let us recall its algebro-
geometric counterpart which is the following constructibility /constantness result.

Theorem 1.3 (Corollary III 9.10 [Har77]). Let X — S be a flat projective family
of varieties over a field K of relative dimension d. Let £ be a line bundle on X
Then, the degree of the fibres deg(Xs) is locally constant.

Note that this is equivalent to the map s — deg(X;) being a continuous function
on S with the Zariski topology. The same result is implied for the intersection of
d line bundles. In our result the Zariski topology is replaced by a GVF analytic
topology, and the degree is replaced by height. Let us be more precise.

We associate to a finite type scheme S over a GVF K, a locally compact Haus-
dorff space Sqyr, called its GVF analytification. This is done similarly to the
Berkovich analytification, however with valuations replaced by global heights (see
Definition and Section . For K = Q, a generic sequence s; in S(Q) C Sgvr
converges to a point in Sqgyr if and only if the value hy:(s;) converges for every
adelically metrized line bundle M on S. In Definition for a flat family X — S
over a GVF K, we introduce the group of global line bundles on X over S. Following
|[Zha95a], we define semipositivity and integrability in this context. For example,

—~ int
the group of globally integrable line bundles on X" over S is denoted by Picg (X'/S).
In Proposition we define an intersection paring on tuples of globally integrable
line bundles and we prove that is satisfies the following.

Theorem 1.4 (Theorem [3.1). Let X — S be a flat projective morphism of finite
— — —~int
type schemes over a GVF K of relative dimension d. Let Lo, ..., Lq € Picy (X/S).

1We thank Rémi Reboulet for pointing out the similarity to the existence of a Deligne pairing.
In fact, in the number field case our result is likely to be implied by the Deligne pairing in [YZ24],
Theorem 4.1.3]. Our approach has the advantage of its simplicity.
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Then, the map

SGVF — R

S @(207 v 7Zd|XS)
is continuous.

Equivalently, this means that the intersection product deg(Lo, ..., Lq|Xs) (for
s € S(F) with K C F being a GVF extension) can be defined by a quantifier-free
formula in the GVF language, with parameters from the base-field K. We believe
that this fact may be important in axiomatizing the model companion of globally
valued fields (if it exists).

The structure of this text is the following. In Section [2] we introduce globally
valued fields, GVF analytifications, and give some examples. We also present nec-
essary notions from Arakelov geometry of toric varieties. In Section [3] we use the
theory of adelic curves to define the intersection product over arbitrary GVF and
prove Theorem We also prove Theorem which relates global integrable
line bundles (in our new sense) to integrable adelic line bundles over a number field
(in the sense of Zhang). In Section 4| we use the previous results and perform calcu-
lations which allow us to conclude with Theorem [£.5] In Appendix [A] we prove an
estimate on a variant of the Mahler measure of a polynomial, needed in the proof
of Theorem We believe this is known to experts, however we could not find a
suitable reference. The appendix is self-contained and elementary.

1.1. Acknowledgments. We would like to thank our advisors Itai Ben Yaacov,
Ehud Hrushovski and Fabien Pazuki for various discussions and comments regarding
this work. Special thanks go to Roberto Gualdi and Martin Sombra, for sharing
with us their draft [GS24] and for their helpful remarks. Moreover, we would like to
thank the organizers and the participants of the 2024 Students’ Conference on Non-
Archimedean, Tropical and Arakelov Geometry, for their interest in this project. We
are grateful to Rémi Reboulet for pointing out the connection to Deligne pairings.
The third author would like to thank Douglas Molin for discussions about limit
heights.

2. PRELIMINARIES

This section will serve both to recall definitions and theorems, as well as to state
and prove technical results related to the definitions just recalled.

2.1. Globally valued fields. Globally valued fields are a theory in (unbounded)
continuous logic designed to model fields with multiple valuations and a product
formula. They are closely related to adelic curves.

There are multiple ways to describe globally valued fields, see [Ben+24| for an
introduction. The simplest definition is the following.

Definition 2.1. A globally valued field (abbreviated GVF) is a field F together
with a height function h : A(F) — R U {—o0}, where A(F') denotes the disjoint
union of A" (F) for all n € N, satisfying the following axioms, for some Archimedean
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error e > 0.
Height of zero: Yo € F™, hz)=—-oc0oex=0
Height of one: h(1,1)=0
Invariance: Vo € F™, Vo € Sym,,, h(ozx) = h(x)
Additivity: Ve e F", Yy € F™, h(z @ y) = h(x) + h(y)
Monotonicity: Ve € F™, Vy € F™, h(z) < h(z,y)
Triangle inequality: Vz,y € F™, hz+y) < h(z,y)+e
Product formula: Vo € F*, h(z)=0

Here ® denotes the Segre product, i.e., (z1,...,2n) ® (Y1,...,Ym) = (i -y; : 1 <
i <n,1 <j<m). Note that such height factors through h : P"(F) — Rx( for
each n. We write ht(z) := hlz : 1] for € F.

If F is countable, these can also be seen as equivalence classes of proper adelic
curve structures on F' (originally defined in [CM20]).

Definition 2.2. A proper adelic curve is a field F' together with a measure space
(Q, A,v) and with a map (w+— |- |,) : @ = MFp to the space of absolute values on
F, such that for all @ € F* the function

w i w(a) = —loglaly,
is in L'(v) with integral zero.

If F is equipped with a proper adelic curve structure, then one can define a GVF
structure on it, by putting

hz1,...,z,) = /Q — ml_in(w(xi))dy(w).

On the other hand, if F' is countable, any GVF structure on F' is represented by
some proper adelic curve structure in this way (|[Ben+24, Corollary 1.3]).

There is yet another equivalent way to describe a GVF structure on a field which
turns out convenient for our purposes. We give here this definition in the case where
F is countable. The general definition can be found in |[Ben+24].

Definition 2.3. A lattice group is a partially ordered abelian group (G, +, <) such
that every pair of elements z,y € G has a greatest lower bound, denoted x A y.
Since the order may be recovered from the binary operator A, we may also call the
triple (G, +, A) a lattice group.

We equip the space (My)® with the structure of a lattice group such that f :
Mpr — R is positive if and only if f(|-|) > 0 for each absolute value |-|. We call the
space of lattice divisors over F', denoted LDivg(F'), the divisible lattice subgroup
of (Mr)® generated by elements of the form d/R/(J:) 2| — —log|x| for x € F*.
These generators are called principal lattice divisors.

Then, GVF structures on F' correspond to so called GVF functionals, which are
linear functionals
l:LDivg(F) - R
that are non-negative on the positive cone, and are zero on principal lattice divisors.
Assume that F is a finitely generated extension of Q. In [Sza23| and [Ben+24] an
Arakelov theoretic interpretation of the lattice LDivg(F') was given. More precisely,
LDivg(F') embeds into

ADivg(F) = lim ADivg (%),
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where ADivg(X) is the group of arithmetic Q-divisors of C%-type on X, and the
union is taken over the system of all arithmetic varieties X (i.e., normal, integral,
flat and projective over Spec(Z)) with an isomorphism #(X) ~ F. In [Sza23| a group
lattice structure on ADivg(F') was defined, so that the embedding is a morphism
of group lattices.

Let X = (X,7x) be a projective scheme over Q with a fixed isomorphism
mx : k(X) — F. To avoid confusion, we use the name Zhang divisors/Zhang
line bundles for Cartier divisors on X equipped with adelic Green functions/line
bundles with adelic metrics, in the sense of [Cha21, Remark (4.8)] (originally de-
fined by Zhang [Zha95b]). We denote the group of Zhang divisors on X by ZDiv(X)
and by ZDivg(X) its tensor with Q. Using the same methods as in [Sza23|, one
also defines a lattice structure on

ZDivg(F) = @ZDiVQ(X),
where the direct limit is taken over the system of all X as above (with maps
respecting the isomorphisms 7x ). Then the group lattice LDivg(F') has a natural

embedding into ZDivg(F'). Moreover, every GVF functional extends uniquely to a
positive functional on ZDivg(F') so we get the following.

Corollary 2.4. On a finitely generated field F' over Q there is a natural bijection
{GVF functionals ZDivg(F) — R} +— {GVF structures on F'},

where by GVF functionals we mean the linear ones that are non-negative on the
effective cone, and are zero on principal Zhang divisors.

For D € ZDivg(X) and z € X(Q) we write h(z) for the height of  with
respect to D. A GVF functional | determines a GVF structure on a field by the
formula

h(zy,... ) = 1(= J\ div(z,)).
=1

Globally valued fields form a category where maps are embeddings of fields re-
specting height functions. Equivalently, an extension of fields K C F' induces an
embedding LDivg(K) C LDivg(F') and GVF structures on F' extending a given
GVF structure on K are precisely extensions of GVF functionals. Let us point out
the following fact.

Lemma 2.5. [Ben+24, Lemma 10.2| For any e > 0 there is a unique GVF structure
on Q (and on any subfield of Q) satisfying ht(2) = e - log 2.

We refer to the GVF structure with e = 1 as the standard one.

2.2. GVF analytification. Now, we describe a construction which recovers the
space of quantifier-free types in the theory of globally valued fields, as in [Ben-+24].

Definition 2.6. Let K be a non-trivial GVF (i.e. there exists a € K such that
h[1 : a] # 0), and let X be a finite type scheme over K. We define the GVF
analytification of X over K, denoted Xgvyr k (or Xgvr if the base GVF is implied),
to be the set of couples © = (w(x), h,) where 7(x) is a point of X, and h, is a
height on x(m(z)) extending the height on K. If z € Xgyp.x and U C X is an
open containing 7(x), we will also denote by h, the map

A(Ox(U)) — RU{—o0}

Mt ) e (@), (@)
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We equip Xgvyr,x with the weakest topology such that

(1) The map 7 : Xgvr,x — X is continuous onto X with the Zariski topology.

(2) For every open U C X, and every tuple (fi,..., fn) € Ox(U)", the map
2+ hy(f1,..., fn)is continuous on 7= (D(f1,..., fn)), where D(f1,..., fn) C
U is the open where at least one of the f; does not vanish.

Remark 2.7. One can in fact prove that for every tuple of local sections (f1,..., fn) €
Ox(U)", the map = > hy(f1,-.., fn) is continuous on U as a whole. Moreover,
in (1) one could demand that 7 is continuous with respect to the constructible
topology on X and it would yield the same space. In particular, when X C A%

is affine, it follows that Xqvr, x can be naturally identified with the space Sg(f of
quantifier-free types on X (see [Ben+24, Construction 11.15]). Since the space of
quantifier-free types is locally compact, so is Xavr, k-

Remark 2.8. Let K C F be a GVF extension. Then, there is a canonical
analytification map X(F) — Xgvr, i, defined by taking @ € X (F) to the point
(z, hs), where h, is the restriction of the height on F' to x(x). The image of = by
this map will be denoted x?".

2.3. Polarisations. Here we present how arithmetic intersection theory can induce
GVF structures and how to interpret Yuan’s equidistribution result as certain kind
of uniqueness of a GVF structure.

Definition 2.9. Let F be a finitely generated characteristic zero field equipped
with a GVF structure. We say that this GVF structure comes from a polarisation
(X,Hy,...,Hy), if X is a normal projective variety of dimension d over Q with
function field F and H; € ZDivg(X) are arithmetically nef Zhang divisors, such
that the GVF functional
l:ZDivg(F) - R
is given by
(D) =T, -....Ha-D.

The name “polarisation” comes from [Mor00, Section 3.1], however here we also
allow not necessarily model Zhang divisors. We also use the term polarisation if
instead of H;’s we are given the corresponding Zhang line bundles O(H ;). If the H;

. T w5k w5k .
occurs with multiplicity k; we denote by (X, H,",...,H,") for the corresponding
polarisation.

Remark 2.10. A polarisation (X, Hy,..., Hg) induces a GVF structure structure
on F' that extends the standard GVF structure on Q (i.e. satisfies ht(2) = log?2) if
and only if the geometric intersection number satisfies Hy -...- Hg = 1.

Yuan’s equidistribution [Yua08] gives examples of polarised GVF structures. Let
us recall a version of it from |Cha2l, Lemma (8.2)].

Theorem 2.11. Let X be a projective variety of dimension d over Q. Fix a semi-
positive Zhang divisor D with D ample and ﬁdﬂ = 0. For any generic sequence
zn € X(Q) with hg(x,) = 0, and any M € ZDivg(X) we have

DM
deg(D)

lim hgp(2,) =
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For the next two corollaries, fix the context of the above theorem. Also, denote
by F' the function field of X.

Corollary 2.12. There is a unique GVF functional [ on F' extending the standard

one on Q and satisfying [(D) = 0.

Proof. Fix a GVF functional [ on F' with the above properties and a Zhang divisor
M € ZDivg(F). Since the quantities from the assumptions of Theorem are
birational invariant, without loss of generality M € ZDivg(X). By existential
closedness of Q from [Sza23, Theorem A|] there is a generic sequence of elements
zn € X(Q) such that hy(x,) — (D) = 0 and h7(z,) — [(M). By Theorem
we get that

7d —_

DM

(M) =———.

M) = Gea(D)
On the other hand, [ given by this formula on X and its blowups, is a GVF func-
tional, which finishes the proof. U

Corollary 2.13. Fix a generic sequence (z,,)nen satisfying the assumptions from
Theorem The sequence 72" € Xgyr converges to the point z22 € Xgyp
defined by the generic point z,, € X (F') together with the GVF structure [ on F.
Moreover, [ is induced by the polarisation (X, D, ..., D).

Yuan’s equidistribution theorem can be applied to the case when X = IP"}( over

a number field K and O(1) endowed with the Weil metrics(denoted by O(1)).

Corollary 2.14. There is a unique GVF structure on Q(z1,...,74) extending the
standard one on Q and satisfying ht(z1) = --- = ht(z4) = 0.

Corollary 2.15. Let m; : [[{_; P4 — PY be the i-th projection and let L =

>, mrO(1). Let z, € [[;_;P%(Q) be a generic sequence of small points, i.e.,

satisfying hy(z,) — 0. Let F be the function field of [[;_, P% with the GVF
structure coming from the polarisation ([];_, P%, ﬂ‘(’)(l)d, e 771';‘(’)(1)Ul). Then

. an __ _an
h}lnxn =T,

where 720 € P is defined by the generic point 2, € P% (F). Moreover, naturally
identifying F' with K(x;; : 4 < d,j < e), the GVF structure on F' is the unique one
satisfying ht(z;;) = 0 and ht(2) = log 2.

2.4. Convex geometry and toric varieties. This section contains basic notions
on Ronkin metrics on toric varieties and some calculations in convex geometry. For
more details on Ronkin metrics we suggest [Gual8b|. For an in depth treatment of
the Arakelov geometry of toric varieties, see [BPS14].

Let T = GJ, be a split torus over a number field K. Denote by N its co-
character lattice and by M its character lattice. Let Xy denote the proper toric
variety associated to a complete fan ¥ in Ng. Let T = Xy C Xy denote the open
T-orbit in Xs..

Definition 2.16. A toric Cartier divisor on a toric variety X is defined to be a
Cartier divisor which is invariant under the action of the torus p: T x X — X.
This means that a Cartier divisor D is toric if p*D = 7*D, where 7 denotes the
projection map.
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These are in bijection with virtual polytopes. This bijection is explained and
proven in [BPS14] Section 3.3].

Definition 2.17. A wvirtual support function or virtual polytope with respect to a
fan ¥ on Np is a function Ng — R that is linear and integral on each cone in X..

Let v be a place of K. A v-adic Green’s function g, for a toric Cartier divisor
D is called toric if its restriction to (Xo)®" factors through the tropicalization map
(X0)* — Ng, defined in [BPS14, Section 4.1].

Theorem 2.18. |BPS14] Theorem 4.8.1.(1)] Let D be the toric divisor associated
to the virtual support function W. Then, the space of v-adic Green’s functions for
D is in bijection with continuous functions 1 : Ng — R such that ) — ¥ is bounded.
Concave functions correspond to semipositive metrics under this bijection.

If D, is a toric divisor with a semipositive v-adic Green’s function, Legendre-
Fenchel duality associates to 1 a concave function on the polytope Dy C Mg
associated to U. It is called the roof function of D, and denoted by 05, For
details, we refer to [BPS14, Theorem 4.8.1].

A collection of functions (¢, )yem, defines a Zhang metric on the toric divisor
corresponding to W if for all v the difference |1, — ¥| is bounded and for almost all
v we have ¢, = U. We call D € ZDiv(Xx) a toric Zhang divisor, if D is a toric
Cartier divisor, and the metrics on D come from a collection of functions (1, )yen
satisfying the above condition.

The vector space My carries a Haar measure normalized in such a way that M
has covolume 1. We associate to a compact convex set A its volume vol(A) with
respect to the Haar measure. Recall that the Minkowski sum of subsets S, .55 of a
vector space V is defined by

S1+52:{81+52|81 651,52 ESQ}.

The volume is a homogeneous polynomial on the space of compact convex sets
with Minkowski addition. It can therefore be polarized, cf. [BPS14, Definition
2.7.14].

Definition 2.19. The mixed volume is a multilinear form on compact convex sets
defined by
MV(AL - A) =S 1" ST vol(Ay + o A).

1 1Si1<"'<ij <n
It satisfies MV (A, ..., A) = nlvol(A).

Given a concave function 6 on a compact convex set A, we associate to it its
integral f A f(m)dm. Given concave functions 67 on A; and 62 on Ay, we define
their sup-convolution by

1B O(m) = sup O(mq)+ 0(ms).
mi+mo=m
It defines a concave function on A; + A,. It is defined precisely such that the
hypograph of 6, H 05 is the Minkowski sum of the hypographs of #; and 6. One
has a similar polarization as in the case of mixed volumes, cf. [BPS14} Definition
2.7.16].
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Definition 2.20. The mixed integral is a multilinear form on concave functions
o, . ..,0, on compact convex sets Ag, ..., A, defined by

n

MI(by,....00) = > (-1)"7 Y /A 0;, B - B, (m)dm.

=0 0<ig<-<iz<n / Bir A
It satisfies MI(6,...,0) = (n+ 1)! fA 6(m)dm.

These notions are helpful to express arithmetic intersection numbers combina-
torially.

Theorem 2.21. |BPS14, Theorem 5.2.5] Let Dy,..., D, be semipositive toric
Zhang divisors on Xyx. Then,

deg(Do, ..., Dy|Xz) = > 1y Mlyr(fo, .-, 0n0),
vEMK

where 6, ,, is the roof function of D, ,, for every i =0,...,n and v € M.

For a nonzero Laurent polynomial f € K[M], we denote by V(f) its vanishing
locus on Xyx. Let NP(f) be the Newton polytope of f, i.e. the convex hull of
the position of its non-zero coefficients. Then, NP(f) defines a Cartier divisors
on a suitable toric modification of Xy by [BPS14, Section 3.4] such that f gives
rise to a regular section by [BPS14, Section 3.4]. It vanishes precisely on V(f).
This amounts to an easy check that the section restricts to a nontrivial section on
codimension 1 toric subvarieties, see |Gual8bl, Theorem 4.3]. We now define the
Ronkin metric on the divisor Dy p(y) corresponding to N P(f). For this we use that
the fibers trop~!(u) of the tropicalization map trop : T2 — Ny carry a natural
choice of probability measure o,. In the non-Archimedean case, it is concentrated
on the Gauss point over u. In the archimedean case, it is induced by the Haar
measure on (S1)".

Definition 2.22. |[Gual8b| Definition 2.7] Let f be a nonzero Laurent polynomial
over K. The Ronkin function of f over a place v is the map py : Ng — R defined
by

pf iU —log|f(z)|dou(x).
trop—1 (u)

By |Gual8b, Proposition 2.10], py is a concave continuous function with bounded
difference from ¥y p(s). By Theorem it defines a semipositive Green’s function
for D(f). The collection of v-adic Ronkin functions gives rise to a Zhang divisor
Ry by |Gual8b, Lemma 5.11].

Theorem 2.23. (variation of [Gual8b, Theorem 5.12|) Let Xy be a proper toric
variety. Let f be a Laurent polynomial with vanishing locus Z such that N P(f)

defines a divisor on Xx. Let Dy, ..., D,_1 be semipositive toric Zhang divisors on
Xs. Then,

deg(Dy, ..., Dp_1|Z) = deg(Dy, ..., Dp_1, Rf| Xx).

For future use, we will relate the Ronkin functions and the Ronkin roof function
of Laurent polynomials related by maps of tori.
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Definition 2.24. Let v : V — W be a homomorphism of finite dimensional real
vector spaces and f : V — RU{—o00} be a closed concave function with compact
support. We define the direct image of f along v by

of(w) = max  f(v).

vEY ™ (w)
It is a closed concave function with compact domain in W.
Lemma 2.25. Let v : M — M’ be a map of lattices. Then, this induces a map

on the rings of Laurent polynomials K[y] : K[M] — K[M']. Let f € K[M]\ {0}.
Then,

PERI() = PO’
and

Pl = VP (M)
Proof. The first statement follows readily from the definitions. The second state-
ment follows from the first using [BPS14] Proposition 2.3.8(1)]. O

We now prove generalizations of Lemma 1.11 and Proposition 1.12 in [Gual8b].
We apply this to write the formulas in the preceding section in the form used in
|Gual8al Conjecture 1].

Lemma 2.26. Let Aq,..., Ay be polytopes contained in a k-dimensional rational
subspace L and denote by 7 the projection away from this subspace to the quotient
P. Let Q1,...,Q,_k be polytopes in Mg. Then,

MVM(AD EERE Aka Q17 R Qn—k) = MVL(Ah R Ak)'MVP(Tr(Ql)a s 77T(Qn—k))'
Proof. By the definition of mixed volume one obtains
MVM<A17~ .- ;A/lev' . '7Qn—k)

n—k
=X Y > DMVol(Ar + Qi+ + Q).

1<iy <--<iy<n—k IC{1,.... k}
Here Aj is taken to denote ), ; A;. It now suffices to show that
> (=1Mvol(Ar + Q) = (~1)* MVL(Ay,..., Ag) vol(m(Q)).
Ic{1,....k}

For this take any p € P and denote by ), the preimage of p in Q). We may view

yeeey

In order to conclude, we need to show that ZIC{L_“,k}(*l)m vol(Ar + R) =
MV (Aq,...,Ag) for any polytope R in the k-dimensional subspace spanned by
the A;. For this we decompose the expression by writing out the volumes as mixed
volumes and order by the number of R occurring in the expansion.

> (=pflvol(A; + R)

Ic{1,....k}

-y (’;) S (- > (k;s>MV(Ajl,...,Ajk_S,R,...,R).

IC{1,....k} 1<G1 < <jr—s<hogi€l
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Here (*7°) is taken to denote the number of partitions of k — s elements into
partitions of form J, i.e. the multinomial coefficient for k — s and #{i|j; = m}.
We reorder the sum to sum over size k — s multisets of {1,...,k}. Fix a multiset
1 <4 <+ < jrs <k of order k — s in elements of {1,...k}. Then, its
contribution to the sum is

(l;) (k ; s) MV(Aj,, ., Ay Ry R) D (=D

IDJ

where containment is understood on the level of underlying sets. By comparing to
the expansion of [, ;(1 — 1) we see that this vanishes for J 7 I and is (—1)* for
J =1 O

Lemma 2.27. Let the g; be concave functions on polytopes @; and A; as before.
Then,

MIps(bays ey bAgs Gl v oy Gn-tkt1) = MV (A1, .o  Ag) - MIp(mag1, - oy TaGn—k+1)-

Proof. The reduction to the previous Lemma is precisely as in [Gual8bj, Proposition
1.12]. O

3. INTERSECTION PRODUCT

In this section we study the intersection product defined in [CM21| and prove
that it varies continuously in flat families. More precisely, we prove the following
theorem.

Theorem 3.1. Let X — S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let Lo, ...,Lq € P/’i\cgt(.}( /S) be globally

integrable line bundles on X over S. Then, the map

SGVF — R

S (Tc%(ZOv v 7Zd|XS)
is continuous.

This can be applied in various settings of interest to number theorists. This can
be seen for instance by the following corollary.

Corollary 3.2. Suppose that S is projective over QQ and X — S a projective
morphism. Then, any integrable Zhang line bundle on X" is a globally integrable
. . Soint
line bundle in Picg (X'/S).

—— int —~ int
Proof. 1t is a weaker property to be an element of Picg (&X'/S) than of Picg (X).
Hence, the statement follows from Theorem [3.24]

Remark 3.3. The property of being globally integrable is preserved under base
change. In particular, one may apply Theorem [3.1] to integrable Zhang divisors on
a projective X after restricting to the flat locus of X — S.
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3.1. Lattice divisors. Let K be a countable GVF. We can assume that it is repre-
sented by a proper adelic curve (K, (2, 4,v), ¢) with Q = Mk, the trivial absolute
value having zero mass, and the restriction of the measure to the archimedean places
v|q.. being supported at normalized valuations (i.e., satisfying v(2) = —log?2).
Moreover, whenever we consider a GVF extension K C F in this subsection, we
assume that F' is also countable and the GVF structure on F' is induced by an
adelic curve structure with the same properties (see [Ben+24}, Section 9]).

We recall ideas from the theory of adelic curves only briefly. We refer to |[CM20;
CM21| for details. Let us start by recalling a definition.

Definition 3.4. Let X be a finite type K-scheme with a line bundle L. A metric
family on L is a family ¢ = (¢u)weq, where each ¢, is a continuous metric on L,
on X2". Here X2" is the Berkovich analytification of X,, = X ®@x K, where K,
is the completion of K with respect to the absolute value w € 2 = Mg. We call a
pair L = (L, ) a metrized line bundle on X over K.

This is as in [CM21}, Definition 4.1.4], but we also allow non-projective X. Also,
we naturally extend this definition to Q-line bundles. Similarly, we extend the
definition of a Green function family of a (Q-)Cartier divisor on X from |[CM21|
Definition 4.2.1], to a non-projective X, word for word. A (Q-)Cartier divisor with
a Green function family is called a metrized divisor.

Chen and Moriwaki introduce adelic line bundles as a subset of metrized line
bundles respecting the global nature of the adelic curve, see |CM21, Definition
4.1.9]. There are two conditions. Firsty, the variation of metrics along w has to
be measurable. This condition does not occur for number fields since their set of
places is discrete. Finally, one needs a condition requiring that the family of metrics
has finite distance to arising from a global model. This condition is referred to as
being dominated. In order to obtain an intersection theory, one needs to demand
the metrics at each place to be integrable, i.e. the difference of semipositive metrics.
We follow the definition of semipositivity from [CM20, Section 2.3]. Note that this
only allows for semipositive metrics on semiample line bundles.

Definition 3.5. Consider P* = P} with coordinates zg,...,z,. We equip the
anti-tautological line bundle O(1) with two families of metrics ¢ = (|- |, Jwen, ¥ =
(| - |, )wea defined in the following way. For a section s € H°(P", O(1)) identified
with a linear form A we have

|A(2)]w
max(|2olw, - - - |Zn|w)’
for z € P and any w € 2. The metric v is defined in the same way for non-
Archimedean w, but for archimedean w we set

|A(2)]w
[5(2) i 1= e
Zi:o |Z’i|w
for all z € P7*". We call ¢, 9 the Weil and the Fubini-Study metric respectively and
use the notation O(1) = (O(l),ap),@(l)FS = (O(1),v). We use the same notation

for pullbacks of these adelic line bundles on P% for any finite type K-scheme S.
Both the Weil and the Fubini-Study metric define semipositive adelic line bundles.

|52 =

For a place w € 2 and Green’s functions ¢, for a divisor D we denote by
d,(¢,1) the sup-norm of ¢ — v and call it the local distance of ¢ and . For
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different metrics on a divisor over an adelic curve we denote by d(¢, 1) the global

distance of ¢ and 1. It is defined as the upper integral er Ao (Puw, o)V (dw) over
the local distances (see [CM20, Definition A.4.1]).

From the point of view of globally valued fields the Weil metric is the fundamental
object. We need to relate it to the Fubini-Study height to invoke calculations from
that setting.

Lemma 3.6. Let oy, : P" — P° be the n-th Veronese map. Consider two metrics
on the line bundle O(1) on P", namely the Weil metric ¢ and the metric {/a

which is the n-th root of the pullback of the Fubini-Study metric from O(1) on P*.
Then for non-Archimedean places the two metrics are the same and for archimedean

places o € €2 we have
— _ rlogn
do'((p’ 04;31/’) S n 9

forn>r+1.

Proof. We only calculate the archimedean case. Consider the section xy of O(1) on
P". By definition we have

|ZO‘0
max(|z0loy - -y |2nlo)

\mo(z)b =

and

202 20|

[20(2)| ¢ /ey — = —.
Z\Ilzn |Z |a’ S Z|I|:n |Z ‘0‘
Hence we calculate
_ loglxo(’z)h"‘ - ‘1og max(|2olo; - - -, |2n|o)
o)y T T2

This is bounded by

|log /s + 1| =

1 1
log zn,/(r-i-n)‘ < L 1og(r + 17| < rlogn
n 2n n

where in the first inequality we use the fact that (Ttn) < (r+1)n" and the second
inequality holds for n > r + 1. ]

Lemma 3.7. Let f: () — P be a morphism of projective schemes over K and let
L be an adelic line bundle on P. Then f*L is an adelic line bundle on Q.
If L is semipositive or integrable, so is f*L.

Proof. The fact that f*L is an adelic line bundle is found in |[CM24, Section 2.8.3
and 2.9.5]. The semipositivity assertion follows from [CM24] Lemma 6.1.2]. O

Let us fix a projective morphism 7 : X — S of finite type K-schemes, where S
is not necessarily projective.

Definition 3.8. We say that a metrized family £ on X is simple over S, if there
is a closed embedding j : X — P% over S (for some n), such that £ = j*O(1). The
elements of the Q-vector space of metrized Q-line bundles on X generated by simple
ones are called lattice line bundles on X over S and are denoted by LPicg(X/S).
The space of metrized Q-divisors coming from rational sections of such metrized Q-
line bundles is denoted by LDivg (X /S) and its elements are called lattice divisors on
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X over S. If S is equal to Spec(K), we omit it in the notation. Moreover, if we want
to emphasize the dependence on the GVF K, we use the notation LPicg(X/S) k.

Remark 3.9. It follows from Lemma [3.7] that simple metrized line bundles on X
over S are semipositive on fibers. More precisely, if K C I'is a GVF extension, and
s € S(F), then a simple metrized line bundle £ over S coming from an embedding
j + X = P% induces an adelic line bundle £, = j*O(1) which is semipositive on X
with respect to the GVF F.

We remark that for any GVF extension F/K, a finite type F-scheme T, and a
morphism of K-schemes T'— S, there is a base-change map

LPICQ(X/S)K — LPiCQ(XT/T)F.
In particular for s € S(F), there is a specialisation map
LPicg(X/S)k — LPicg(Xs)r.

Let us describe these maps more precisely. Let £ = (£, ¢) € LPicg(X/S)k, for p =
(¢w)weny - This means that each @, is a metric on £, over X2". To get a family of
metrics ¢ = (¢y)yenr, on the base-change L1 of £ via the morphism X7 — X one
proceeds as in [CM21, Example 4.1.8] (which works the same when K’ = F/K is
not algebraic). Equivalently, one could take an embedding j : X — P% that realises

L = j*O(1) (or two embeddings such that it comes from the difference of pullbacks)
and define (L7, ) via the pullback of O(1) through the map jr : X7 — PZ..

3.2. Heights of resultants. Chen and Moriwaki have constructed an intersection
product of integrable adelic Cartier divisors in [CM21]. In this subsection we look

closely at its definition which uses heights of certain resultants.

Theorem 3.10. |CM21, Theorem B| Let X be a projective scheme of pure di-
mension d over a GVF K. Then, there is a multilinear adelic intersection product

LPicg(X)4! — R.

Proof. Given finitely many elements of LPicg(X) we can replace K by a countable
subfield over which the corresponding embeddings to projective spaces (and X)
are defined. Then we can represent the GVF K by an adelic curve. Since lattice
line bundles are integrable, an arithmetic intersection number is defined by |[CM21}
Theorem B]. We show that the product on LPicg(F') only depends on the induced
GVF structure on K in Corollary [3.15] O

We write the intersection number of lattice line bundles Ly, ..., Lg as Lo - - - Lq.
We observe that the adelic intersection product is determined by its values on tuples
of simple line bundles. Let us fix a tuple of such simple adelic Cartier divisors on
a projective scheme X and analyse how to calculate their intersection.

Assume we are given closed embeddings &; : X — P" = P(V;) for i = 0,...,d,
where V; is a (r; + 1)-dimensional vector space over K with a distinguished basis.
For a natural number n, denote by §1®" : X — Pri(™ the composition of & with
the n-th Veronese map P = P(V;) — P(S"V;) = P"(™ and write Vj(n) := S™V;.
Note that in this case we have

dim Vi(n) = rs(n) + 1 = <” + ”> — O(n™).

For each n we define the line bundle L;(n) to be the pullback £2™*O(1). We
pull back the Weil metric and the Fubini-Study metric to obtain adelic line bundles
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— —FS
L;(n) and L;(n)  respectively. For n = 1, we omit the n in the notation. We note
that there is a canonical isomorphism L;(n) = LY".

Let §;(n) be the intersection number Lo(n) -+ L;—1(n)-L;11(n) -+ Lq(n) and set
8; = 6;(1). Since L;(n) = L¥™, we have 6;(n) = n? - ;. Let

W(n) := 8% (Vy(n)") @k ... @k S%M (Va(n)¥)

and note that using distinguished bases of V; for i = 0,...,d we can naturally
interpret elements of W(n) as polynomials of multi-degree (dg(n),...,d:(n)) on
Vo(n) x -+ x Vy(n). There is a unique (up to scaling) element R,, € W(n) such
that it vanishes on (vo,...,vq) if and only if the intersection X NZ(vg)N---NZ(vq)
is non-empty (as a scheme), where Z(v;) is the pullback to X of the hyperplane in
P(V;(n)) defined by the zero-set of the linear form v;. We call it the resultant of
X with respect to embeddings £°". It determines a unique element R,, € P(W(n))
whose height calculates the adelic intersection product in the followng way.

Remark 3.11. [CM21, Remark 4.2.13]

FS FS
Lo(n) ... -Lg(n) = / log || Ry ||wv(dw)
O\ Qe

+ / v(do) / 108 [(Ru)o (201 - - 2) 50y, (d20) © -~ @ g0y, (d2a)
ro So(n)ax---de(n)a

i Ty
+(Qo0)5 Y 0i(n) Y 7
i=0 1=1
where we use the notation from the cited remark, but with an additional variable
n. This means that S;(n), is the unit sphere in V;(n), with the sphere measure
ns,(n), - Moreover, for a non-Archimedean w € 2, the norm ||-[|,, is the maximum of
coefficients norm, with respect to the distinguished basis of W (n), for example by
|CM24, Proposition A.2.2]. Later we write 1(dz) for s, (n), (dz0) ®- - -®ns,(n), (d24)
and z for the tuple zo,..., 24 (here n,d and o are implicit).

Lemma 3.12. The adelic intersection product satisfies

To() o Ta(n)  =To(m) - ... La(n).

lim ——
o pdtl

——FS
Proof. 1t suffices to show that the metrics on TL;(n) = converge with respect to
the global distance to the metrics on L;. By Lemma the global distance satisfies

A Tin) L) < v(Q) - Teloan, 0

n

We use the above formula and the lemma to calculate Dy - ... - D4 through
resultants. More precisely we show the following.

Proposition 3.13. In the above context we have

_ . 1
LO L—— Ld = llinmht(Rn),
where we treat R,,’s as tuples, using the distinguished basis of W (n).

Proof. By Lemma we only need to show that

Zo@) ... Ta(n) > — ht(Ra)| = o(n®).



CONTINUITY OF HEIGHTS & COMPLETE INTERSECTIONS IN TORIC VARIETIES 17

First we express ht(R,,) in a form of an integral

ht(Rn):/QlogHRnku(dw)

_ / log | Rulur(dw) + / log | Ry lo(do),
A\Q

where || ||, || |lo denote the maximum of coefficients norms (for a non-Archimedean
w € Q or archimedean o € §2,), with respect to the distinguished basis of W (n).

Claim 3.14. We have

T (n)

d
(Qoo) Z Z 7= O(ntlogn).

+1

In particular, when divided by n®*! converges to zero, for n — oco.

Proof. This follows from the fact that §;(n) = n?d; and

Ti (n)

Z 7= O(logr;(n)) = O(logn") = O(logn).

By Remark [3.11] we will be done if we show that

o R () -

where the constant is 1ndependent of o € Q. But by Proposition [A-T] applied to
the polynomial (R,),, we have

|/ tog (R (2) () -
S()(’I’L)OX“-XSd(TL)g

where §;(n) = nd§; and log(r;(n) + 1) + Zn(") ! + = O(log(r;(n))) = O(logn) for
all 7 < d, so

0(nd+1)

nilo| = )

n|lo

d
<) di(n) | log(ri(n) +1) +
i=0

d ri(n)—1
1
> _0i(n) | log(ri(m) + 1)+ Y o | =O(nlogn) = o(n™*"),
i=0 k=1
where the given bound does not depend on o. O

Corollary 3.15. The intersection product on LPicg(X) only depends on the
induced GVF structure on K.

Remark 3.16. By analysing precisely the proof of Proposition [3.13] one can see
that in fact it shows existence of an absolute constant C' such that

_ _ 1 logn

Note that the number v(Q) ht(2)

GVF structure on K.
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3.3. Definability of adelic intersection product. In this section we prove The-
orem [3.1] for lattice line bundles. Let 7w : X — S be a flat projective morphism with
d-dimensional fibers. Suppose S = Spec A is an affine variety (so that A is an
integral domain).

Let Lo, ...,Lq € LPic(X/S) be simple over S with embeddings a; : X — P¥.
For a field-valued point s € S(F) and any object @ over S, the notation Q(s)
denotes its base change to s. Denote by J; the intersection number

deg(Lo(s) ... - Li—1(s) - Lig1(s) ...  La(s)|Xs)
for any s € S(F) in any field extension K C F. It is independent of the choice of s
since the family 7 : X — S is flat.

Lemma 3.17. There is a family of polynomials R,, with coefficients in A defined
up to scalar in A*, such that for all s € S(F') we have

Rn(s) = Rn,sa
where R, ; is the resultant R, from Subsection defined for the scheme X
equipped with the family of embeddings («;)s : Xs — Pﬁi(s) fori =0,...,d.

Proof. This is probably standard, but we could not find a reference so we sketch a
proof here, based on the construction of resultants from |[CM21, Section 1.6]. We
use notation from loc.cit but with the base-field k replaced by A, X over k replaced
by X over S = Spec(A), and L;’s replaced by L;’s.

First note that the whole Section 1.5 and Section 1.6 up to Proposition 1.6.2
of [CM21] go through word-for-word over A. It remains to prove the analogue of
|[CM21], Proposition 1.6.2] over A. This boils down to calculating the cycles

ge(c1(p*Lo) - - cr1(p* Li1)er(q* ¢ (Omy (1))er (p*Liga) -+ er(p*La) N [X x5 P)
= c1(g; (Opy (1)) - gu(c1(p™Lo) - - ex(P*Liz1)er (p* Liga) - - 1 (p*La) N [X x5 P])
We look at the diagram
XxgP—— X
J{q 7l
P—2 S
and use flat base-change to get the equality
qx (61 (p*ﬁo) e (p*ﬁiq)cl (p*£i+1) 0 (p*ﬁd) N [X X5 P])

= S*T*(Cl (ﬁo) e C1 (Li_l)cl (£i+1) e C1 (ﬁd) N [X])
Let 1 be the generic point of S. By the flat base-change for the localisation map
n— S, we get

re(c1(Lo) - er(Li-1)er(Liva) -+ - er(La) N [X])
=deg(Lo(n) -+ Li—1(m)Liv1(n) -+ La(n))[S]

which is equal to ¢; - [S]. Hence the cycle in question is equal to
c1(q; (Opy (1)))s* (8 - [S]) = e1(q; (Omy (1)) NG[F) = e1(g; (Opy (6:))) N [P,
which finishes the proof as in [CM21, Proposition 1.6.2].
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Proposition 3.18. Let X — S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let Lo, ..., L4 € LPic(X/S) be lattice line
bundles on X over S. Then, the map

SGVF — R
s+ deg(Lo(s), ..., La(s)|Xs)
is continuous.

Proof. By Remark (continuity with respect to the constructible topology) we
may without loss of generality assume that S is an affine variety and the line bundles
are simple over the base S.

Fix a net (s;); € Sqvr and s € Sgyr such that s; — s. Using the notation from
Lemma [3.17] put

1 1
Ini = g Bt(Ba(s0)),  In = g ht(Ra(s)),

. . 1

We need to show that lim; I; = I. Pick a positive number . First, note that
there is a natural number n such that
[I-1I,<e
and
|Ii — Inz| < e
for all i. Indeed, this is possible because by Remark the above differences are

bounded by loi ™ times an absolute multiple of (1 4+ (2o )) max; k;9;. Next, note
that for ¢ big enough we have

|In,i — In‘ <€
because for a fixed n, ht(R,(y)) is a continuous function on Sgyr. Hence together
we get

11— ] < 3,
which finishes the proof as ¢ > 0 was arbitrary. (]

3.4. Integrable divisors over globally valued fields. For applications, it is
useful to consider not only lattice line bundles, but also to allow certain limit
metrics. We will define global line bundles and globally semipositive line bundles
over a GVF in the spirit of Zhang line bundles. Let X — S be a projective morphism
of finite type schemes over a GVF K.

Definition 3.19. A lattice line bundle £ on X over S is called semipositive if for
every s € Sgyr the family of metrics ¢|x, consists of semipositive metrics over
almost all places w € M, ().

Definition 3.20. Let £ be a line bundle on X over S. For every compact set
C C Sgyr, we define a pseudometric dc on the space of metrics on £. Let s be a
section of £ and let ¢ and v be two families of metrics on £. Then, we define

+
de(9,9) = sup / sup | 10g|sly — og s]y v (dw),
2€C JQ, () TEXD,

where [ " is the upper integral functional defined in [CM20| Definition A.4.1].
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Note that the set of (semipositive) adelic divisors is closed under this norm. The
norm allows us to define notions of global and integrable divisors on X over S.

Definition 3.21. A global line bundle £ on X over S is defined to be a line
bundle £ with a metric family ¢ such that there is a sequence of lattice line bundles
L = (£, ¢r) such that

lim de(¢x, ) = 0
k—o0
for every compact C' C Sgvyp.
It is called globally semipositive if the metric families ¢; can be chosen semi-
positive. A global line bundle £ is called globally integrable if there are globally

semipositive line bundles £, and £_ and an isometry £~ L, ® L_.
We denote the isometry classes of global Q-line bundles by Picg(X/S). The

—~ int
subgroup of integrable line bundles is denoted by Picg (X/S). If S = Spec K, we
often omit it in the notation. We furthermore denote the distance between two
metric families by d.

Proposition 3.22. Let X be a projective scheme of pure dimension d over a
countable GVF K. The intersection product on lattice divisors extends to a pairing

— int

Picg (X)™! = R,

Proof. By linearity, it suffices to construct the pairing for globally semipositive
divisors. It suffices to show that on the set of semipositive lattice divisors the
intersection product is continuous with respect to d.

Let L = (O, ¢) be a lattice line bundle with trivial underlying line bundle and
d(¢,0) = C and let Ly,...,Lq € LPicg™(X) be semipositive lattice line bundles.
Then,

|L-Ly---Lyg| < Cdeg(Ly - Lg).

This can be read off from the interpretation of the intersection number as the
integral over local heights

EfwiWﬂ// log [ e1(Tr) - €1 (B o) (do)]
QJxan

+ J— JR—
< / sup |log|l|g.w(z)| deg(Ly - -+ Lq)v(dw)
Q zexan

< Cdeg(Ls - La).
O

We are finally in the position to prove Theorem[3.1] We restate it for convenience.

Theorem 3.23. Let X — S be a flat projective morphism of finite type schemes

— — — int
over a GVF K of relative dimension d. Let Lo, ...,Lq € Picg (X/S) be globally
integrable divisors on X over S. Then, the map

S(}\/F — R
s > deg(Lo, - .., LalXs)

is continuous.
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Proof. We assume by linearity that Lo, ..., Ly are all semipositive. Let C' C Sqvr
be a compact subset. For k € N, let ZIS, e ,ZZ be semipositive lattice line bundles
such that do(Zf ,L;) converges to zero. Then, the functions d/eTg(Zg, e ,ZZP(S)
converge uniformly to d/e\g(zo, ..., L4|Xs) on C. Since the former are continuous
by Proposition the latter is, too. We are done since Sgvyr is locally compact
by remark 2.7 O

For applications the following theorem is crucial. It follows from |Zha95a], but
we have not found a suitable reference for the precise statement we need. Our
reasoning uses some techniques from the proof of the arithmetic Demailly theorem
in |[QY23| or from |[Chal7|. Note that we have the notion of semipositivity and
integrability for both Zhang line bundles and global line bundles and that they are
a priori different.

Theorem 3.24. Every integrable Zhang line bundle L = (L, $) on a projective
variety over a number field is induced by an integrable global divisor.

Proof. We prove that arithmetically ample divisors are induced by integrable global
divisors. Arithmetically ample divisors in turn are dense in semipositive Zhang
divisors allowing us to finish the proof.

Definition 3.25. A hermitian line bundle £ over an arithmetic variety X — SpecZ
is called arithmetically ample if

(1) Lg is ample,
(2) the metrics on £ are semipositive at each place,

(3) the height ¢ (L|y)4™Y > 0 for every irreducible horizontal subvariety ) C
X.

A Zhang divisor is called arithmetically ample if it is induced by an arithmetically
ample Hermitian line bundle.

We want to approximate an arithmetically ample arithmetic divisor L defined
on the model X from below. For this we apply the maps ¢, : X — P(H%(nL)). We
endow the line bundle O(1) on P(H°(nL)) with the metric h,, induced by the supre-
mum norm on H®(nL). Semipositivity implies precisely that the induced metrics
on L converge uniformly to L by |Zha95a, Theorem 3.5]. This is always semiposi-
tive at all places and the underlying line bundle is ample. It is arithmetically ample
since the subspace of integral sections in H(nL) has a basis s1, ..., sy consisting
of strictly small integral sections, at least for n large enough. We are reduced to
proving the claim for (O(1), h,,) on P(HY(nL)). At finite places, the metric on O(1)
agrees with the Weil metric for the basis s1 ..., sy (as in [Sza23| Claim 3.1.15]). It
remains to show the approximation at the infinite place. We can approximate the
metric h, by a smooth metric with everywhere positive curvature.

From now on we assume that L induces O(1) on some projective space P with
Weil metrics at finite places and a smooth metric with everywhere positive curvature
at co. By Dini’s theorem it suffices to prove pointwise approximation, i.e. for every
point € X(C) and e > 0 there exists an integer N > 0 and a small integral section
s € HY(O(N)) such that — % log|s(z)| < e.

We prove first that for arbitrarily big N we can find I € H°(PE, O(N)) satisfying
—log |l|sup > € and —+ log |l(z)| < 2¢. Let T be the complex conjugate of z. We
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apply |Zha9baj, Theorem 2.2] to O(1) and Y = {z, T} to obtain a holomorphic sec-
tion s of O(N) with — log |s|sup = 0 and —+ log sy (2)[, — % log |sn (Z)| < €/2. The
section sy ® sy € HY(PE, O(2N)) is then a section | € HO(PE, O(2N)) satisfying
—1log |l|sup > 0 and —5%; log|l(z)| < €. Rescaling proves the claim.

The vector space HY(PZ, O(N)) has a norm given by the supremum norm on
X (C). The global sections over Z form a lattice Ay = H°(Pj, O(N)). By |Zha95al,
Theorem 4.2], there exists 0 < r < 1 such that for big enough N, there is a basis of
Ay consisting of vectors of norm < . For r < v/ < 1, and big enough N it follows
that for every [ € HO(PR, O(N)) there exists I’ € Ay with || — '[sup < (7)Y, We
apply this to the section [ constructed in the previous paragraph. Then, I’ eventually
satisfies |I'|syp < 1. Furthermore, for small enough € in the construction of [ we can
ensure — log |r’| > 2¢. Then, for big enough N we have —=; log |I'(x)| < 3¢ proving
the theorem. O

Let us present a result that allows to calculate the adelic intersection product
over a GVF structure that comes from a polarisation, due to Chen and Moriwaki.
Let (S,Hy,...,H,) be a polarisation inducing a GVF structure on F' = Q(S).
Let X be a d-dimensional projective variety over F’ which is the generic fiber of a

projective morphism 7 : X — S. Fix globally integrable line bundles L, ..., Ly €
— int i

— — — int
Picg (X/S)g and denote by Lo, ..., Ly their restriction to Picg (X)p.
Proposition 3.26. |CM21], Proposition 4.5.1] The following equality holds:
d/eTg(fO,...,fd|X) :Zo-...-zd-ﬂ'*ﬁl . ...'W*Fn,

where the left hand side is the adelic intersection product over the globally valued
field F' and the right hand side is the arithmetic/Arakelov intersection product of
integrable Zhang divisors on X.

Proof. The case of the polarization and the line bundles L; being defined on a model
over Z is |CM21, Proposition 4.5.1]. Our version follows from continuity of the
intersection product on semipositive line bundles and continuity of the intersection
number in families, cf. Theorem 3.1 (I

4. AVERAGE INTERSECTIONS

Let fi1,..., fm be Laurent polynomials in n variables with coefficients in a number
field K. Each f; defines a hypersurface V; inside a proper toric variety T' with torus
T =G} CT. Let (u1,,...,Unm,;); be a generic sequence of small points in T™
with respect to the Weil height on T™ C P™. For integrable Zhang divisors

Dyg,...,Dp_p, on T we want to compute

hm d/e%(ﬁo, ceey Dn_m|u17le n---N um,ij).
_]-)OO
Denote the coordinates of the i-th factor of GJ., by wi,...,wy,;. Welet V C
T x T™ be the intersection of the vanishing loci of fi(zlwiil, . ,znw;;). We note
that under V' — T™ the generic fibre has dimension n — m. The map V — T™ is
flat of relative dimension n—m over a dense Zariski open U C T™. We define global

— int

line bundles Ly, ..., Ln_m € Picg (V/U) by pulling back O(Dy),...,O(Dy_m) to
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T x T™ and restricting to V. This makes sense by Theorem [3.24] By Theorem [3.1]
the map

Ucvr =& R
u = d/e\g(ZOa cee 7Zd|Xu)

is continuous. We note that on (uy,...,u,,) € U(K) the above map is given by

(1, um) = deg(Dos - - -, Dy |ua Vi O -+ 0t Vi)

By Corollary a generic small sequence (uy j, ..., Um ;); in T has the corre-
sponding points on Ugyr converging to K (w11, .., Wy 1;---, Wi m, - - - » Wn,m) With
the polarized GVF structure associated to ([];~, P", wfmn, . ,Tl';knmn). De-
note this limit point by n°*" € Ugvr.

Since the right hand side is the intersection over a polarized GVF it can be
computed up to birational modification as the height of V' C T x HZ’;l P™ with
respect to 5 Do ... 75 Dy - (3, 77 O(1))™™ by Proposition In other words,
we get the following.

Lemma 4.1. Suppose that Dy, ..., D, _,, are integrable Zhang divisors on T over
K. Then,

hm deg(Do, . ,Dn_m|U17jV1 n---N umJVm)

Jj—oo

=deg(mi Do ... Dy - mrO1)" - 75, 0(1)"|V).
On the right hand side, the D; should be viewed as adelic divisors pulled back to
F.

We need to be slightly careful when applying Fubini’s theorem in the non-
Archimedean setting. This is because of the failure of (X x V) = X2" x Yan,
In our setting, there is a preferred very affine chart given by the torus in the toric
variety on which we may apply Fubini.

We sketch an argument that one can always apply Fubini in such situations.
This is based on [Sto21, Proposition 3.4.21]. If a € A(dimX.dimX)xan) anq
B € AldimY.dimY)(yan) are smooth forms that are defined on very affine charts
of integration U C X and V C Y. Then, U x V C X XY is a very affine chart
of integration for m%a A 75 8. Furthermore, trop(U x V) = trop(U) x trop(V) by
Rosenlicht’s theorem. Then, one needs to prove that one has the product measure
on each polyhedron in the tropicalization. This is done by adapting [Sto21, Lemma
3.4.16]. The general case follows by approximation. We refer to [Gubl6| for an
introduction to the theory of forms in the non-Archimedean setting.

Theorem 4.2. Let R; denote the Ronkin divisor associated to g; = fi(zlwiil, - ,znw;é)

on a suitable toric blowup X of 7' x [[[", P". Let V denote the common vanishing
locus of the g;. Then, we have an identity

deg(Ry ... RmmiDo ... 7 Dy - 7t O(1) " - 75,0(1)" | X)
=deg(n; Dy ... Dy - T OA)" - 75, O(1)"|V).

Proof. In order not to overburden notation we omit the superscript denoting the
analytification.

Let s; denote the distinguished section of O(R;). The sections g;s; of O(R;) have
common vanishing locus V. By the iterative definition of the height, the equality
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of intersection numbers is equivalent to the vanishing of the integrals occurring in
the height computations. These are of the form

m

/ log |gr5,1c1 (Rys1) -1 (Ru) s (Do) - e (D) [ [ e (O1D)).
div(g1)N---Ndiv(gr—1) i=1

Let us write w for ¢1(Ry41) ... c1(Rm)mrc1(Do) ... m5c1(Dp—m) [Tz 71 (OQ1)).
To each of them we can apply Fubini to obtain

/ log g5 | er (O(1)"w
div(g1)N---Ndiv(gr—1)NX

:/ 1og |gr-5, |75 ¢1 (O(1))"w
(div(g1)N--Ndiv(gr—1)N(TXTT;Z) T) )X T[T,y T

/ ([ 1ozlaesle @) )
(div(g1)n--ndiv(gr—1)N(TXTT/Z) T )<, T \JT

log |grsr|d00(x)) w.
/(div(gl)ﬂ---ﬁdiv(g,.1)r‘1(11‘><]_[:_11 T)) <1,y T </?1‘

The first equality follows since a Zariski closed subset with empty interior is a
nullset with respect to a measure associated to differential forms.

We claim that the inner integral [.log|g,s,|oo(z) vanishes at each fibre. Recall
that g,(t,t1,...,tm) = f-(tt;!). Let m, denote the projection from T x []/~, T to
the r-th component T, in the second factor.

We compute

log sy (t,t1, ... tm)] :/ —log |gr(x)|dot s, ... 1) ()

trop =1 (trop(t,t1,...,tm))

/ —log |, (zz V) doea s (2, 22)
trop—1! (trop(¢,t,)) C(TXT,.)troP

—log |fr($)|d0—tt;1 (z) = Pr(tt;l)'

[rop_ 1 (trop(tt, L ) cTirop

Here, p, denotes the Ronkin function for f, and T, denotes the r-th factor of the
torus.
Consider the fibre over an element

r—1 m
(b1, tr 1y trsty ey bm) € (div(gl)ﬂ-~-ﬂdiv(gT_1)ﬂ(T>< HT)) < [] T

Over this fibre we evaluate the integral

/T log | £, (4] + pr (2t oo (t)

= —pe(t) + p, (1) = 0.

/1og\g,«(t,t1,...,tm)s,«(t,tl,...,tm)|ao(t,.)
T

O

Lemma 4.3. Let R; denote the Ronkin line bundle associated to f; and suppose
it is already defined on T and assume Dy, ..., D, _,, are toric. Let X denote a
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suitable toric blow-up of T x H:n:1 P™ over which R; are defined. We have an
equality of intersection numbers

deg(Ry ... RummiDo ... 7 Dy - 7t O(1) " - 75,0(1)" | X)
=deg(Ry ... RnDy...Dp_p|T)

Proof. By linearity, we assume that Dy, ..., D,_., are all semipositive. Then, we
interpret the left hand side in a combinatorial manner as in [BPS14] Theorem 5.2.5].
We then apply Lemma The occurring polytopes are m times n copies of the
unit simplex, one set of copies for each factor in [~ P". It is immediate to see that
the pushforward of the roof functions of the 7} D; yield precisely the roof functions

of the D;. Similarly, the pushforward of the roof function of R; is the roof function
of R; by Lemma [2.25 O

Theorem 4.4. Let fy,...,f,, be Laurent polynomials in n variables with co-
efficients in a number field K and let T be a proper toric variety with torus
T = G, C T. Suppose that NP(f;) define divisors on T. Denote by V; the
hypersurface defined by f;. Let ((1,,...,Gn,;); be a generic sequence of small
points in T™ with respect to the Weil height and Dy, ..., D,,_,, be integrable toric
Zhang divisors on 7. Then,

lim CTGE(E(), R ,ﬁn,m | Cl,jvl n---N (m,ij) = (TC%(Rl .. Rmﬁo .. Enfm|T)
j—o0

Proof. This is a combination of Lemma, Theorem [£.2] and Lemma O
We finally prove Conjecture 6.4.4. in |[Gual8al.

Theorem 4.5. Let fi,..., fi,, be Laurent polynomials in n variables with co-
efficients in a number field K and let T be a proper toric variety with torus
T = G™ C T. Denote by V; the hypersurface defined by f; and by p; its Ronkin
function. Let (1,4, ---,Cm,j); be a generic sequence of small points in T™ for the

Weil height and let Dy, ..., D,_,, be semipositive toric Zhang divisors on T" with
associated local roof functions g, ..., 80,—m. Then,

lim deg(Do, ..., Dy | 1V -+ O G Vin)
j—o0

- Z Ty MI]\/I(HO,qn e 79n7m,v7p\1/7 cee vpxl)
vEMK

Proof. We apply the projection formula to restrict to the case, where the NP(f;)
define divisors on T. Then, the conjecture follows from Theorem and Theo-
rem 2271 O

APPENDIX A. MAHLER MEASURES ON COMPLEX POLYNOMIALS

In this appendix, we study some measures of complexity of complex polynomials.
For a nonzero P € C[Xy,...,X,], we define the logarithmic Mahler measure

m(P) = / log |[P(e* ™ . e2™™n)|dt, ... dt,,
[0,1]"
and the logarithmic Fubini-Study Mahler measure

ms, (P) = / log [P (21, 2)ldin (21, - 20),
S

n
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where S,, is the unit sphere in C" for the usual Euclidean norm, and 7, is the
spherical measure on S,,, normalized so that 7, (S,) = 1.

In |Lel94|, Pierre Lelong studied these two measures and gave a bound for the
distance between them in terms of n and the degree of P.

In this appendix, we prove an analogue of Lelong’s result in the space of polyno-
mials C[X1,...,X,], where each X; is a tuple of abstract variables of length m;.
More precisely, we define the mixed Fubini-Study Mahler measure by

ms,, x.xSm, (P) = / log|P(Z1, ... Zo)|d0m, (Z1) Ao Adnm,, (Zn)-
Smq XSy,

Our goal is to prove the following proposition, where the norm ||-|| on C[X7, ..., X,]
assigns to a polynomial the maximum absolute value of its coefficients.

Proposition A.1. Let P € C[Xy,...,X,] be a nonzero polynomial, where each
X;isa tuple of abstract variables of length m;. For all i < n, let d; be the degree
of P in X;. Then,

n 1rnifl 1
|mSm1><-~~><Smn — 10g||P||| g Zdz (log(ml + 1) + 5 Z k‘) .

i=1 k=1
Let us start with the simpler case where each m; is equal to 1. Let P €
C[X1,...,X,] be a nonzero polynomial of degree d.

Lemma A.2. Let
S(P) :=sup{|P(z1,...,2n)| : (21,...,2,) € C" and |z]| < 1 for all i}.

Then,
1P| < S(P) < (’”d)|P|

Proof. The rightmost inequality follows from the fact that a polynomial of degree
d has at most (”:d) nonzero coefficients.
For the other inequality, consider the integral

1:/ |P(e2imt . 2t 2 dty L dt,
[0,1]

= / P& 2T ) P(e2inti | e2imtn) dty .. . dt,
[0,1]»

= / Z arajexp (2im(ky — )ty + ... + 2im(kyp — Ly)tn) | dty...dt,
(01" \ g 1enn

Z ara; / exp (2im(k1 — L)ty + ... + 2iw(ky, — ln)ty) dty ... dt,
k,leNn

Now, for k,l € N™ with k # [, there exists 1 < r < n with k. — [, # 0. So,
/ exp (217T(k1 — ll)tl +...+ 2Z7T(kn — ln)tn) dtl . dtn
[0,1]

1
= / eXP Z2m‘ (/ egi”(k"_l”)trdtr> H dts =0,
[0,1]" 0

SF#T S#T
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and for k =1,
/ exp (20 (k1 — L)1 + o+ 2im(hy — L)) b - dby = 1.
[0,1]

So, finally
1= laxl* > |P|*.

keN
But we also have

I= / |P(e* ™ . e* ™) 2 dty ... dt, < S(P)%.
[0.1]"

Hence, ||P|| < S(P). O

Remark A.3. In particular, Lemma [A2] implies that
— : m||1l/m
S(P)= tm_ [P
d
Lemma A.4. Assume that n = 1, i.e. P = > aX* € C[X]. Then, for all
k=0
0<k<d:

rl < () explm(P)

deg P

Proof. Since C is algebraically closed, we can write P =\ [ (X —«y), where A €
i=1

C*, aq,...,a4eg p € C. Now, by Jensen’s formula, we have for each 1 <4 < deg P,

1
/ log €™ — ;| dt = max(0,log |ov]).
0

So, by summing,
deg P

m(P) =log || + Z max(0, log |a]).

i=1
Now, let k& < deg P. Then, the coefficient of X* in P is equal to
ap = (—1)ds P~k ) Z Hai.
IC{1,...,deg P} i€

So, by the triangle inequality

al<h S [Tt < (*7) ) TT ma(tan) < () explmp

IC{1,...,deg P} i€l i=1

O

Lemma A.5. Write P = )" a,, X7"' ... X", Then, for every m = (mq,...,my) €
meN™
N", we have

aml< (" ) explm(P)).
()
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Proof. We prove this inequality by induction on n. The n =1 case is the result of

Lemma [A74] so we may assume n > 2. The result is also immediate if a,, is zero,
d

so assume it is not. Write P = Y. P, X%, where the P are in C[X1,..., X, _1].

n?
_ k=0
Then, we may write

m(P) = /[0 . m(P(e2 ™ . X1 X))ty ... dt, .

By Lemma we have for all (¢, ...,t,_1) € [0,1]"7L, | P, (e2™h .. e2imin-1)|

(nfn) exp(m(P(e?™ ... e2imn-1 X)), Since P, (e*™1, ... e*7™n-1) is nonzero
for almost all (t1,...,t,—1), we may write
m(P(e2™ .. €21 X)) > log | Py, (€27, .. ¥ Tin-1)| — log (nfn) and inte-

grate, yielding
d
m(P) > m(P,,) ~tog (1)

Mn

Le., exp(m(Pp,)) < ( ¢ ) exp(m(P)) Since P,,, has degree at most d —m,,, the in-

my

duction hypothesis gives |a,,| < (mldan" _1) exp(m(P,,)). Since (nff )(mld:";l” _1) =

(m d ), this concludes. ([l
1yeey M

Corollary A.6.
[m(P) —log|| P|[| < dlog(n + 1)

Proof. First, it is clear that m(P) < log(S(P)) < log||P|| + log ("Id) by Lemma
A basic counting argument shows that ("1%) < (n + 1)¢, hence m(P) <
log||P|| + dlog(n + 1).

For the other direction, write P = Y @, X" ... X". By Lemma we

mEN?
have for all m € N,

aml< () exp(m(P)
()

A basic counting argument shows that (m1 d m ) < (n+1)%, hence by taking the
maximum over all coefficients,

1P| < (n+ 1) exp(m(P)),
i.e. log||P|| < m(P) + dlog(n + 1), which concludes the proof. O

Remark A.7. If P € C[X},...,X,] is homogeneous, we may replace n + 1 by n
in the above inequality. Indeed, evaluating in X,, = 1 does not change m(P) and
IP||, so we may replace P with a polynomial in n — 1 variables.

Lemma A.8.
Ims,, (P) —log|| P[|| < 2dlog(n +1).

Proof. Tt is clear from the definition that mg, (P(e*™ X1,...,e*™n X)) = mg, (P)
for all ¢1,...,t, €[0,1]. So, we may write

ms, (P) = / m, (P2 Xy, .., 2™ X))t ... db.
[071]71.
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By Fubini, this is equal to

/ (/ (P(zlem,...,znem»dtl...dtn) i1a(2) = [ mlPEX 2 X))
Sn [0,1]™ Sn

But, by Lemma we have for all z € S,,:
|m(P(z21X1,...,2,X5)) — log||P||| < dlog(n+ 1)

So, by integrating:

‘mgn (P) — / log||P(z1 X1, ..., 2. X0)||dnn(Z)| < dlog(n+ 1)
Sn

Moreover, it is clear that for all zZ € S, ||P(z1X1,...,2,Xn)|| < ||P||, therefore

[ log|| P(21X1, ..., 20 Xn) [l din (Z) < log|| P]].
S’Vl
On the other hand, if P is written as ) _yn asX7' ... X", we have for all s

such that as # 0,

/10g||P(z1X1,...,ann)Hdnn(E):/ (maxlogla,=5" .. z301) dn(2)
Sp ¢

n

> max/ log |asz1" ... 2" [dnn (%)
s Js

— max <1og o+ Y s [ o |zz-dnn<z)>
s i=1 /S
= (1o o]+ 1s] [ 10g 010, 2))
s Sn
/ log||P(z1X71,. .., 2. X0)|ldn.(Z) = log||P| + d/ log |z1|dnn.(Z).

Sn Sn

It remains to show that | log|z1|dn,(z) > —log(n+1). In fact, we even know from
Sn

n—1

[Lel94, Equation 2.28] that this integral evaluates to —1 > 1. O
i=1

Now, we move on to the mixed case. Fix a nonzero polynomial P € C[X1, ..., X,,]

and denote d; := degyg, P. Our goal is to adapt the result of Lemma [A.8 and find
a bound for the distance between this measure and log||P|| in terms of the d;.

Lemma A.9. Again, let
S(P) :=sup{|P(z1,...,Za)|(Z1, ..., Zn) € C™ T Fm and |z ;] < 1 for all i, j}.

1Pl < S(P) < (_H (™ d)) 171

Proof. This follows from the fact that the number of nonzero coefficients of P is at

n
most [] (mgdi), by the same argument as in the proof of Lemma (I
i=1 ‘

Then,
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Lemma A.10. Write

—k1 —kn
P = E akl,...,anl Xn ,
(K1yeeey kn)EN™1 X...xNmn

—k; m; .
where X' := ] Xf;’ Then, for every k = (ki,...,k,) € N™ x ... x N™ we
j=1

have

|aky . ke | < (H (k'l s )) exp(m(P)).

i=1

Proof. The proof is a straightforward induction on n, based on Lemma [A-5] O
Corollary A.11.

[m(P) = log|| PI|| < Y _ dilog(m; + 1)
i=1
Proof. First, it is clear that m(P) < log(S(P)) < log||P|| + i, log (m;::di) by
Lemma [A2] As in the proof of Corollary [A:6 a counting argument shows that
(m:r:d") < (m; +1)%, so m(P) < log||P|| + Y_i, dilog(m; + 1).
Then, it follows from Lemma[A-10and the fact that every multinomial coefficient
( dik ) is smaller or equal to (m; + 1)%, that

klv"'7 my

1Pl < (H(mi + 1)‘“) exp(m(P)),

i=1

ie. log||P|| < m(P) + >, d;log(m; + 1), which concludes the proof. O

Remark A.12. If P € C[X,..., X,] is homogeneous in each of the tuples X, we
may replace m; + 1 by m; in the above inequality. Indeed, evaluating in X; ,,,, =1
does not change m(P) nor || P||, so we may replace X; by a (m; — 1)-tuple.

We are finally able to prove the main result of this appendix.

Proof of Proposition[A1. We first prove the inequality

n
M,y X xSm,, < 108]|1P|| + Zdi log(m; +1)
i=1
exactly as in the proof of Corollary [A-T1]
For the other inequality, we aiain reason by induction on n. If n = 1, the result

follows directly from Lemma So, assume n > 2. Write P = ) PkYﬁ,
keNmn
where the Py are in C[X1,...,X,,_1]. Let I € N™» be such that ||P;|| = |P].

Then, we have

mSnzl ><-~'><S7nn = / ms'm” (P(El’ o ?En_:l’Y))dnml (Zl)/\ N ‘/\dnmnfl (Zn_l)
S1X... XSy,

'n—1
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By Lemma [A-8] we have for all Z1,...,Z,_1,

- - 17¢=" 1
ms,, (P(Z1,...,Zn-1, X)) > 10g| P(Z1, ..., Zno1, X)|| — dn [log(mn + 1) + = >
2 =k
my—1 1
>log|Pi(Z1, ... Zn )| — do | og(m, +1) + = -,
og|P(Z1, .-, Zn—1)] <0g(m +1)+ 3 ’; k)
so by integrating, we get
1 my,—1 1
Ms,, x..xSp, = Mms,, (P)—d, <1Og(mn +1)+ 3 kz_l k) .
But, by induction hypothesis,
n—1 1 mi—1 1
P) =log|Pll =) difl i+1)+ = =1,
ISUETLIES ST CRUIE D o8y
where ||P;|| = || P|| by assumption, which concludes the proof. O
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