GLOBALLY VALUED FIELDS: FOUNDATIONS

ITAT BEN YAACOV, PABLO DESTIC, EHUD HRUSHOVSKI,
AND MICHAL SZACHNIEWICZ

ABsTrRACT. We present foundations of globally valued fields, i.e., of a class of
fields with an extra structure, capturing some aspects of the geometry of global
fields, based on the product formula. We provide a dictionary between various
data defining such extra structure: syntactic (models of some unbounded con-
tinuous logic theory), Arakelov theoretic, and measure theoretic. In particular
we obtain a representation theorem relating globally valued fields and adelic
curves defined by Chen and Moriwaki.
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1. INTRODUCTION

A global field K, i.e., either a number field, or a finite extension of the field k(t)
(for some finite base-field k), satisfies a product formula, which means that there is
a natural choice of absolute values (| - |;)ic; on K such that

(1

~—

H\a|i =1forallae K*.

iel

In fact, if one of the absolute values either has discrete value group with finite residue
field or is Archimedean, the product formula characterises this class of fields, see the
Artin-Whaples theorem Theorem 3]. Geometrically, the product formula
can be interpreted as the fact that every ‘function’ a € K* has the same number
of zeroes and poles, counted with multiplicities. Indeed, by taking —log of the
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previous formula, we get

(2) S~ loglal; = 0,

il
where we can think of —log|al; as of the order of vanishing of a at ¢ € I. This
point of view and the analogy between function fields and number fields are very
useful, see |[Har77, Chapter 1.6], and |Wei74, Chapter IV].

However, despite Artin-Whaples, there are ‘product formulas’ appearing in math-
ematical practice that do not come from number fields or function fields of curves
over finite fields. First, note that function fields of curves over any field give such
examples, as if C' is a smooth projective curve over any field, then non-zero rational
functions on C have the same number of zeroes and poles (counted with multiplic-
ities). Even more generally, if X is a one-dimensional proper regular Noetherian
scheme, it may happen that rational functions on X satisfy the product formula
with respect to orders of vanishing at closed points of X. A spectacular example
of this behaviour is when X is the Fargues-Fontaine curve, see [Lur|. Also, in the
world of analytic functions, Jensen’s formula

27
(3) Y orda(f)log - + % /0 —log|f(re”)|dd = —log | f(0)]

0<lal<r |a|

can be thought of as a product formula, with an error —log|f(0)| = O,(1). This
observation is a part of Vojta’s dictionary between diophantine approximation and
value distribution theory, see [Voj87|. Moreover, by using the above Jensen’s for-
mula for r = 1 together with p-adic Jensen’s formulas [Kho92, Remark 2.8|, one
can deduce that for f € Q(z)* we have

2m
@ S lorlfl g5 [ loglfElds + 3 ord,(f) - ha(a) =0,

P zeP}
4

where || f]|, is the p-adic Gauss norm of f (i.e., the supremum of the p-adic norm
of f on the p-adic unit disc, if f € Q[z]) and for # € P{, the number ht(z) is the
Weil height of .

Equation is a natural example of a product formula with a continuous mea-
sure (at least over Archimedean absolute values), contrary to the counting measure
case in Equation . Moreover, even if we restrict to number fields, while each has
a discrete space of places, when we pass to Q, the space becomes locally compact
but not discrete. This suggests that a more general notion of ‘global fields’ should
include not only counting measures on the space of absolute values on a field. There
are a few candidates for such a notion in the literature. First, Gubler in |[Gub97|
defined an M-field, which is a field K together with a measure space (M, u) and
p-almost everywhere defined maps

(v e M) (|z|, € Rxo)

for © € K, such that p-almost everywhere | - |, is an absolute value, and log |z|, €

LY(M,u) for z € K*. This formulation allows errors like in Equation 7 and

if we want the product formula to hold, we need to additionally assume that

log |z|, € L§(M, ) (integral must be zero). The consideration of such more general

product formulas found applications soon after the appearance of [Gub97], as Mori-

waki [Mor00| used height functions on finitely generated fields over Q, to recover
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the Raynaud’s theorem (Manin-Mumford conjecture). Later, Chen and Moriwaki
introduced (proper) adelic curves in [CM20|, and Ben Yaacov and Hrushovski in-
troduced (globally or) multiply valued fields in [BH22|. Both of these notions are
defined similarly to M-fields (satisfying the product formula). Let us also mention
the work [YZ26] in which Yuan and Zhang extend the theory of Moriwaki developed
in [Mor00; [Mor01].

In this paper we present the basics of the theory of globally valued fields, com-
pare it to adelic curves, and describe how to see those as models of an unbounded
continuous logic theory GVF, (where e > 0). The logic interpretation of globally
valued fields allows one to define various operations (e.g. ultraproducts) typical of
model theory, in the context of global fields. In particular this implies some transfer
principles from number fields to function fields, or in Nevanlinna theory, see Ex-
ample and Example [[1.12] respectively. The connection to stability in model
theory would be desirable, especially because it has been useful in other algebro-
geometric contexts, like in the solution of the geometric Mordell-Lang conjecture
[Hru96|.

This paper is partially based on the unpublished notes [BH|, however, some
definitions are adjusted, and some new results are obtained. We hope that it will
provide a useful reference for globally valued fields in the future.

Let us describe the main definitions and results of this text in more detail. Recall
that an adelic curve is a field F' together with a measure space (2, A, v) and a map
¢:w |- from Q to the space of absolute values My on F, such that for all
a € F* the function

w > log|ale

is integrable (and measurable) on €. Given such data, we can define functions
h:F" — RU{—o0} given by

(5) h(ai,...,an) = / max(log|ailw, - .- ,10g |an|w)dv(w).
Q
Denote by A(F) := |J F™ and P(F) := |J P"(F). We denote by ® the Segre
neN neN

product A"(F) x A™(F) — A™"(F), defined by

(fL'l, LR 7xn) ® (3/17 .. 7ym) = ($1y17 oy L1Yms T2Y1y - - - 7x’ﬂym)

We also denote by ® : P*(F) x P™(F) — Pm+tm+n(F) the induced map on projec-
tive spaces (the usual Segre product). It is easy to check that the above functions
form a ‘height’ on F', which we define below.

Definition 1.1. A height on F is a function h : A(F) — RU {—oo} satisfying the
following axioms, for some Archimedean error e > 0.

Height of zero: Ve € F", hiz)=—-c0osx=0
Height of one: h(1,1)=0

Invariance: Ve € F", Vo € Sym,,, h(oz) = h(x)
Additivity: Vo € F™, Vy € F™, h(z ®y) = h(z) + h(y)
Monotonicity: Vo € F™, Vy € F™, h(z) < h(z,y)
Triangle inequality: Vz,y € F™, hz+y) < h(z,y)+e

A height h is called global if h [ px= 0. It then induces a function P(F') — R, and
we write ht(z) := hlz : 1] for z € F.



The main theorem of this text says that the data of (global) heights on F' is
equivalent to a few other types of data, each of a different flavour. We first state it
and then explain the nature of various structures appearing therein.

Theorem 1.2. (Theorem There is an explicit bijective correspondence between
the following structures on F":

(1) Local terms (Definition [7.1)),

2) Heights (Definition [L.1]),

3) Positive functionals (Definition [5.6)),

4) Families of local measures (Definition [5.9)),

5) Renormalisation classes of admissible measures (Definition ,
(6) Equivalence classes of lattice valuations (Definition [4.12)).

Moreover, this correspondence respects the ‘global” ones, i.e., the ones satisfying
the product formula.

P

We define a multiply valued field (resp. globally valued field) to be a field with
any one of these equivalent structures (resp. that are global); thus, if K is a globally
valued field, we may freely talk about the Weil heights, the local terms, the valuation
into the L'-lattice, or about a renormalisation class of a globalizing measure. We
use the abbreviations MVF and GVF respectively.

If we require a specific presentation, we will simply say “a GVF, presented via
local terms” (or via Weil heights etc.) A product formula field is another synonym
that has been used, especially for the local term presentation.

Note that “local” is a slightly misleading shorthand; “mean local terms” would
be a better description, as they arise by integration over the various localities (and
similarly for Weil heights over MVFs).

We note that while MVFs can be useful for local or “mean-local” work, they
do not form an axiomatisable class. Any axiomatisable class containing all MVFs
would allow non-zero elements whose height is —oo. We can avoid this by adding
an axiom insisting on a lower bound for the heights of non-zero elements; but any
such bound will actually imply that 0 is a lower bound, leading precisely to GVFs.

The above theorem says that GVF structures on a field can be seen as coming
from seemingly different worlds.

e First, one can define them through heights (points (1) and (2)), which easily
fits into the realm of unbounded continuous logic.

e Second, on a countable characteristic zero field, point (3) specialises to
the data of a linear functional APic(F) — R which is non-negative on the
effective cone, where APic(F') is the colimit of the spaces of adelic divisors
on arithmetic varieties with function field F'. Also, if F' is finitely generated
over a subfield k& (of any characteristic), then global functionals trivial on
k correspond to linear functionals NS(F/k) — R that are non-negative
on the effective cone, where NS(F/k) is the colimit of the Néron—Severi
groups of proper varieties over k with function field F'. We give details on
this approach in Section

e Third, GVF structures can come from measures on the space of pseudo-
absolute values like in Equation , or from adelic curves. These corre-
spond to points (4) and (5). Another measure theoretic way of presenting
a GVF structure on a field is a global ‘valuation’ valued in a Banach L*-
lattice as in point (6), see Definition or |[AV09] for an example.
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We summarise this dictionary in the table below.

Weil heights Algebraic cycles Measure theory Banach lattices
Global APic(F) - R Proper adelic v: F* 5T U{oo}
heights or NS(F/k) - R curves, M-fields | ‘valuation’ valued in

as in positive on the satisfying the an L'-lattice T,

Definition effective cone product formula | see Definition ”4__12|

[Sza23] or [BH22; DF22] | |CM20}; |Gub97| and |AV09

In particular, if the field F' is countable, it follows from the proof of Theorem
that every (global) height on F' actually comes from a (proper) adelic curve
structure, as in Equation .

Corollary 1.3 (Corollary [7.11). Any GVF structure on a countable field F' has a
proper adelic curve representation with QQ = Mp.

This means that GVF structures on a countable field F' can be seen as equivalence
classes of adelic structures on F' with respect to the equivalence relation defined
by inducing the same height via Equation . This corollary is important for the
future development of globally valued fields, as it allows one to use results e.g. from
[CM21}; [CM24; (CM22; |DZ25} [Liu26; Luo25; Séd23| to study model theory of GVF
structures. For example, the Hilbert-Samuel theorem in [CM24] (see also [Benl§;
Ben24|) may be useful in proving amalgamation theorems over some globally valued
fields. However, it is natural to treat A in Definition [1.I] as a continuous logic
predicate, so by ‘model theory’ we mean the model theory in unbounded continuous
logic introduced in [Ben0§|. Another reason for considering continuous logic is that
for example Q with Weil heights considered in discrete logic (with an additional
sort for values of heights) is undecidable, as it interpretsﬂ the totally real algebraic
integers (known to be undecidable by [Rob59]).

We provide a survey of the unbounded continuous logic (in a simplified setting)
in Section In Section we give some background on existential closedness in
this logic and state the following problem.

Conjecture 1.4. (Conjecture The theory GVF, has a model companion, for
every Archimedean error e > 0.

This conjecture asks whether we can axiomatize (in a first order way) existen-
tially closed globally valued fields. Intuitively, a GVF F' is existentially closed, if all
polynomial equations together with height inequalities that are consistent (solved
in an extension of F'), have a solution in F. Existential closedness of GVFs implies
existence of small sections of certain adelic vector bundles, see e.g. Minkowskian
line bundles in [CM24] Section 5.2.8]. This weaker condition may be equivalent
to existential closedness, but in any case forms an important part and is in itself
axiomatisable. L

In [BH22; [Sza23| respectively, the globally valued fields k() (with ht(¢) = 1,
ht|;, = 0) and Q (equipped with Weil projective heights) have been proven to be
existentially closed. Over Q this implies, for example, that a finiteness statement
(e.g. Bogomolov) is true in every GVF extension of Q if and only if it is true in Q

1By the formula: v(x) = 0 for almost all non-Archimedean v, and v(i — z /i +z) = 0 for almost
all Archimedean v.
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uniformly in parameters. Conjecture [[2.7] would imply that all existentially closed
globally valued fields are elementarily equivalent to one of these two kinds of GVFs.
In particular, the problem of approximating the essential infimum of an adelic line
bundle (up to some ¢ > 0) would be decidable.

In the course of proving Theorem we introduce a few gadgets associated to
F and prove some results that may be of independent interest. We call a function
|-]: F — [0,00] a pseudo-absolute value if |xy| = |z| - |y|, |z + y| < |z| + |y,
|0] = 0,]1] =1 (with 0- 0o and oo - 0 undefined). By an absolute value we mean a
pseudo-absolute value valued in [0,00). We provide a Riemann-Zariski-Berkovich
characterisation of the space of pseudo-absolute values O on F with the pointwise
convergence topology. Let us remark that a similar result (in the case of a field
extension while fixing the absolute value on the smaller field) was independently
obtained by Antoine Sédillot in [Séd24, Birational approach 1.11.2.2].

Proposition 1.5. (Proposition Let F' be of characteristic zero. Then there is
a homeomorphism 0 : O — M(F) between the space of pseudo-absolute values
on F', and

M(F) := @M(X),
where X' ranges over the system of arithmetic varieties over Spec(Z) with the data of
an embedding of their function field into F', and M is the Berkovich analytification
functor.

Proposition 1.6. (Remark [2.10) In any characteristic, if either F/k is finitely
generated, or F'is countable, then there is a homeomorphism

0 : ®F/k — @X‘“ﬂ

where O/, is the space of pseudo-absolute values on F' that restrict to the trivial
absolute value on k£, and X are normal projective varieties over k together with an
embedding of k(X) to F' over k. Here (—)*" is the Berkovich analytification with
respect to the trivial absolute value on k.

This description is useful, because using the results about Berkovich spaces over
Z from |LP24] we easily get the following result (related to [YZ26, Lemma 3.1.1]).

Corollary 1.7. (Corollary and Corollary The set of absolute values on a
countable field F' is dense in the space of pseudo-absolute values © .

Also, if F'/k is finitely generated (or both are countable), then the set of absolute
values on F' that are trivial on k is dense in ©p ;.

We use this corollary to identify positive elements of the universal lattice of F*,
i.e., the divisible hull of the Grothendieck group of the lattice of finite subsets of
F* (with + being the multiplication of sets and V being the union). We denote this
lattice by ULatg(F), see Definition [4.5|for more details. Let || be a pseudo-absolute
value on I and a = \/_; (fl;(x) ~Vyes &R{(y) € ULatg(F). Using the notation
v(z) := —log|z| we define v(a) = max,e; mingejv(z/y). We call a € ULatg(F)
positive if for all v as above, v(a) > 0. The following characterisation of positive
elements is used to get equivalence of points (2) and (3) in Theorem

Theorem 1.8. (Corollary [6.11)) For each a € ULatg(F'), the following conditions
are equivalent:

(i) For every pseudo-absolute value |- | on F, v(a) < 1.
6



(ii) For every € € Ry, there is some m € N such that ma € T'yyc.

In this statement, I' C ULatg(F) (for any € > 0) is the set of elements of the
form

/\ div g mija; | — /\ div(a;),
i=1 j=1 j=1

where ay,...,aq € F*, p,q € N*, and (m; ;)1<i<p € ZP? are such that for all i < p
1<<q
we have 25:1 |m; ;| < 2°. Moreover, if F is countable, in (i) one can only consider
absolute values. The significance of this theorem is that it gives a syntactic criterion
for positivity (which is a semantic property).
Furthermore, we study the quotient LDivg(F') of ULatg(F') by the kernel ideal
I of the pairing (v, «) — v(«). The following characterisations are provided:
e if F' is countable of characteristic zero, then LDivg(F) can be seen as a
sublattice of the space of Arakelov divisors on F-models, see Corollary
6.13}
o if F//k is a finitely generated extension, then LDivg(F) divided by the
ideal generated by LDivg(k) is isomorphic to the space of b-divisors on the
Riemann-Zariski space of F/k, see Corollary

The lattice structure on the space of Arakelov divisors on F-models from the first
bullet has been introduced in [Voj96; RV20| in the language of (generalised or
b-) Weil functions. We use a different description of this lattice from [Sza23].
The second bullet has been discovered (in a slightly different language) also in
[KK14, Theorem 5.2]. Interestingly, already André Weil was already aware of this
interpretation of (b-)divisors in the 1950s, see [Weib1, Theorem 13].

The positive functional appearing in the statement of Theorem[I.2)is by definition
a linear functional [ : LDivg(F) — R which is non-negative on the positive cone
{a > 0} C LDivg(F).

Let us elaborate on the meaning of point (5) in Theorem|L.2] (point (4) is similar).
We introduce a locally compact topological space Q7. which is defined as the set of
pseudo-valuations v : F' — [—00, 00], i.e., functions of the form —clog|-| for ¢ € Rs¢
and non {0, 1, co}-valued pseudo-absolute values |- | on F. Thus, one can think of
Q% as an additive version of M(F') (see the difference between Equation and
Equation ) For technical reasons, we sometimes need to work with a slightly big-
ger space (2 D 1%, but in practice one can restrict attention to pseudo-valuations,
see Definition and Remark The following representation theorem follows
from equivalence of (1) and (5) in Theorem

Corollary 1.9. Let F' be any field equipped with a GVF structure. Then there
exists a measure 1 on 2% such that the heights on F' are given by the formula

hiay,...,a,) = /QO —min(v(ay),...,v(a,))du(v).
F

There are two differences between Corollary and Corollary the latter
works also for uncountable fields, and the ambient topological space Q2% does not
vary. In fact, the former corollary follows from the latter. In general, the flexibility
of choosing 2 to be any measurable space in the definition of adelic curves is useful,
as it allows one to compare different metrics over the same absolute value, see for
example Harder-Narasimhan filtrations in [CM20; |(CM24; Liu26|.
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After proving Theorem [1.2] we give some examples and focus on the relative situ-
ation when K C F is an extension of globally valued fields. Using a disintegration-
type result, we get a relative version of Corollary namely Corollary and
Corollary This is interesting in light of recent applications of families of mea-
sures on Berkovich spaces, for example in [Poi24a; [Poi24D|.

In Section we prove uniqueness (up to scaling) of the GVF structure on
classical global fields (Lemma and Lemma , and the following.

Proposition 1.10. (Proposition|10.5)) Let K be a GVF and consider a finite Galois
field extension K C F. Then there is a unique GVF structure on F extending the
one on K that is invariant under the action of Aut(F/K).

It is worth mentioning that using representations by adelic curves, the existence
(but not uniqueness) follows from [CM20| Section 3.4]. Also, under an additional
assumption on the GVF structure, this result was independently obtained by An-
toine Sédillot in [Séd24, Propositions 11.5.3.1 and 11.5.4.1].

Acknowledgements. We would like to thank Leo Gitin, Nuno Hultberg, Kon-
stantinos Kartas, Jérome Poineau and the participants of logic seminars in Oxford
and Wroctaw for helpful conversations and remarks. The second and fourth authors
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ference on Non-Archimedean, Tropical and Arakelov Geometry for their interest
in this project. There we learned that variants of Proposition [1.5] and Proposition
were independently obtained in [Séd24]. We warmly thank Antoine Sédillot
for informing us about that. The last author wishes to thank Jonathan Pila and
Thomas Scanlon for useful remarks on his PhD thesis, that was partially based on
this article. This material is based upon work supported by the National Science
Foundation under Grant No. DMS-2424441, and by the IAS School of Mathematics.

2. VALUATIONS

Let F be a field. We will later need an enlargement of the space of valuations on
F to be able to consider Archimedean valuations even if F' has cardinality bigger
than the continuum. That is why we introduce the following definition (partially
appearing already in [Wei51]).

Definition 2.1.

e A pseudo-absolute value |- | on F is a function |- | : F — Rso U {0, 00}
satisfying |z + y| < |=| + |y|, 0] = 0, ]1| = 1, and |zy| = |z||y| whenever the
product is defined, i.e., when (|z|, |y|) ¢ {(0, 00), (c0,0)}.

e We call a pseudo-absolute value trivial if it attains values only from {0, 1, co}.
Otherwise, we call it a non-trivial pseudo-absolute value.

e A pseudo-valuation v on F is a map v : FF — R U {o0,—o0} attaining
at least one value outside of the set {—o00,0,00} and such that v(0) =
s0,0(1) = 0,0(2) # —o0,v(x +y) > min(v(z), v(y)) + min(v(2),0), and
v(zy) = v(x) + v(y) whenever the sum is defined, i.e., when (v(z),v(y)) ¢
{(007 —OO), (_007 OQ)}

e An abstract pseudo-valuation v on F is a map v : F — T' U {£oo}, where
T is a divisible (totally) ordered abelian group, which satisfies the above
axioms of a pseudo-valuation (but with addition and minima interpreted in
).
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Lemma 2.2. Let v : F — I'U{00, —o0} be an abstract pseudo-valuation on F' and
let A C T be a convex subgroup, i.e., a subgroup satisfying a,b € A = [a,b] C A,
where the interval [a, b] is defined as {c € I, : a < ¢ < b}. Then, the quotient I'/A
is also a divisible (totally) ordered abelian group, where we declare a + A < b+ A
if and only if a — b € A or a < b. Assume that v(2) £ A. Consider the functions
u(a) =v(a) mod A and

oo ifw(a) > A,
w(a) = qv(a) ifov(a) €A,
—oo ifv(a) < A.

Then u, w satisfy the axioms of abstract pseudo-valuations on F', possibly without
the axiom asserting that they attain at least one value outside of the set {—00, 0, c0}.

Proof. Since the quotient map I' — I'/A is an increasing group morphism, the
conditions v(z + y) > min(v(x),v(y)) + min(v(2),0) and v(ry) = v(x) + v(y) are
conserved for u. The conditions u(0) = oo, u(1) = 0 and u(2) # —oco are immedi-
ately verified.

For w, the conditions w(0) = oo, w(l) = 0 and w(2) # —oo are immediate,
and w(2) # —oo comes from the assumption that v(2) £ A. The remaining two
conditions are proven by isolating the cases v(z) < A, v(z) € A and v(z) > A, and
doing the same for y. O

We drop the prefix “pseudo” in Definition if the map does not attain +oo at
non-zero elements. Bear in mind that this gives a slightly non-standard definition of
a valuation on F', as we exclude the {0, 1}-valued ones from the usual definition, and
include some that do not satisfy the ultrametric inequality without the correction
min(v(2),0). The set of valuations on F is denoted by Valr and the set of absolute
values is denoted by M. We topologise those spaces with the pointwise convergence
topology. Note that for a pseudo-absolute value |- | on F, the set of elements
O = {|z] < oo} is a valuation ring with the maximal ideal m consisting of elements
with |z| = 0. The quotient K = O/m is then a field with an absolute value. Thus
we get an induced surjective map p : F — K U {00} where the preimage of infinity
is the complement of a valuation ring. Such a map is called a place. Summarising,
the following holds.

Remark 2.3. (1) If | - | is a pseudo-absolute value on F', then there exists a
place p : FF — K U {00} into a field K with an absolute value | - |k such
that |x| = |p(x)|k, with the convention that |oo|x = co.

(2) If | - | is a non-trivial pseudo-absolute value on F and ¢ € Rsq, then v(z) =
—clog |z| defines a pseudo-valuation on F. Note that here we extend the
natural logarithm function to [0, co] by continuity.

(3) If v is a pseudo-valuation on F, then there is a non-trivial pseudo-absolute
value | - | on F' and a constant ¢ € Rsq such that v(z) = —clog |z for all
zeF.

Proof. The proof of (1) is outlined above. For (2) note that by (1) we can assume

that |-| is an absolute value. By passing to the completion, without loss of generality

F is complete with respect to |-|. Then either |-| is a non-Archimedean absolute value

on F' in which case the statement follows, or (by the classification of Archimedean

normed complete fields) (F,|-|) C (C, || -||*), where || - | is the standard Euclidean
9



absolute value on C and t € (0, 1]. Direct inspection of the statement on (C, || - ||*)
finishes the proof of (2).

To see (3), put a = —min(v(2),0). The case a = 0 is clear, so assume that a > 0.
We define |z| = 279(®)/ and check that | - | is a pseudo-absolute value. Here, we
choose a normalization of | - | so that the condition v(z + y) = min(v(z),v(y)) — a
becomes |z + y| < 2max(|z|, |y|), which implies by induction that

g
DR
i=1
In particular |2"| < 2" and for any integer N we get |N| < 2N because if we
write N = 2% + M, where M < 2%, then
|N| < 2max(]2%,|M]|) < 2max(2%,2M) = max(2°T*, 4M) < 2N,

where the last inequality follows from the fact that 2¢ < N and 2M < N. Replacing
N with N* and taking limit over & — oo we get |N| < N. Hence

< 2" max |z
3

n n 2n Con s n
2 2 n+1 7 2™ —q n+1 2
+ + < m < + .
|z 4y l(z+y)” [<2 ogi?;n ( i )|x| [yl <277 (lz] + [yl)
Taking 2"’th roots and the limit n — oo we get |z + y| < |z| + |y| which finishes
the proof. (I

We can drop the prefix “pseudo” everywhere in the above remark and points two
and three remain true. Note that non-trivial pseudo-absolute values and pseudo-
valuations represent almost the same data, the difference being that one can mul-
tiply pseudo-valuations by an arbitrary positive number, while raising a non-trivial
pseudo-absolute value to a positive power does not always yield a pseudo-absolute
value.

Definition 2.4. Let A be the set of functions v : F' — [—o00, 00] satisfying
v(zy) = v(x) +v(y), v(0) = 00, v(1) = 0,v(z +y) = min(v(z),v(y)) + min(v(2),0),

and v(2) # —oo. Equip [—00, 00]"" with the product topology. We define the space
QF as the closure of A without the set of {—o0, 0, co}-valued functions on F, i.e.,
as A\ {—00,0,00}f". Tt is an open subset of the compact space A C [—o0, 0]
Hence, it is a locally compact, Hausdorff topological space. Moreover, we denote
the subset Q% := {v € Qp : v(2) # —oo} C Qp which equivalently can be defined

as A\ {—00,0, 00} and coincides with the set of pseudo-valuations.

Example 2.5. Consider F = Q(z) and let |- |,, be the absolute value on F' coming
from the embedding Q(x) C C sending z to 1 4 Z. Then for v, = —nlog| - |, we
have lim,, v, (z) = —m and lim,, v,(2) = —oo. Hence any limit point v of (v, )nen is
in Qp, but is not a pseudo-valuation.

We call an element v € Qp non-Archimedean if v(2) > 0 and Archimedean
otherwise. Not every element v € Qp is a non-trivial pseudo-valuation on F,
however, the set of non-trivial pseudo-valuations is dense in Q2p. We choose to
work with Qg instead of the set of non-trivial pseudo-valuations because of nicer
topological properties, see Lemma [2.13] and the discussion following it.

Note that if F' is countable, then

Valp = ﬂ {v € Qr:v(a) # too}
a€FX%
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is a Borel subset of Qr and in that case we equip Valrp with the o-algebra of its
Borel subsets. Denote by ©p the space of pseudo-absolute values equipped with
pointwise convergence topology - note that it is a compact Hausdorff space. Overall,
we get the following diagram of spaces associated to F’

where the dashed arrows are — log’s defined only on non-trivial (pseudo-)absolute
values.

Our goal now is to prove Corollary and Corollary Since these corollar-
ies hold under different assumptions, let us restrict our attention to characteristic
zero F until Remark 2.10] Call a normal, projective, generically smooth, integral
scheme X — Spec(Z) an F-submodel if the function field of X is equipped with
an embedding into F. The system of F-models forms a category where morphisms
from f’ : Spec(F') — X’ to f : Spec(F) — X are morphisms of schemes h : X’ — X
such that ho f' = f. Recall that for a point p € X, k(p) denotes the residue field
of X at p. For a scheme X define its Berkovich spectrum as

M(X) :={(p,]|-]) with p € X and | - | is an absolute value on k(p)}.

For a point = (p,|-|) if f € Ox(U) where p € U C X, then we write |f(z)]
for | f(p)| where f(p) € k(p) is the evaluation of f at p. We equip M(X) with the
coarsest topology such that the projection 7 : M(X) — X which sends (p,|-|) to
p is continuous, and for every f as above, the function z — |f(z)| is continuous on
7~ 1(U). This makes M(X) a compact Hausdorff topological space, provided that
X is projective over Z. For a thorough treatment of these spaces, see [LP24; [Poil0)].
We define
M(F) = lglM(X )

to be the inverse limit over (the directed system of) all F-submodels of F, as a
topological space. If X is a proper scheme over a complete valued field, we write
X2 for the Berkovich analytification with respect to the ambient absolute value,

i.e., the subset of M(X) where absolute values on residue fields extend the one on
the base-field.

Construction 2.6. Let | -| € Op. Denote by O C F the valuation subring
consisting of elements with |z| < oo, by m its maximal ideal, and by k the residue
field. Denote the induced absolute value on k also by | -|. Fix an F-submodel X.
Consider the diagram

Spec(F) — X

Lo

Spec(O) —— Spec(Z)

where the top horizontal arrow comes from the embedding of the function field of
X into F and the diagonal arrow exists by projectivity of X over Z. Let p = ¢(m)
and consider the induced field extension k(p) C k. We can restrict | - | to x(p) to
get an absolute value inducing a point € M(X). Summarising, we constructed a
map
0 : @F — M(F)
11



Proposition 2.7. The map 6 is a homeomorphism.

Proof. First let us check that for an F-submodel X’ the composed map
O > M(F) > M(X) - X

is continuous with respect to the Zariski topology on the codomain. Let Spec(A) C
X be an open affine subset and identify A with its image under the induced em-
bedding A — F. If we denote by p: ©p — X the composition above, then

p~(Spec(A)) ={| - | € O : A C {|z] < o0}}.

However, since A is finitely generated over Z, if we pick its generators aq,...,an,
then this set can be written as {| - | € ©p : max; |a;| < oo} which is an open
subset of ©p. Thus p is continuous. Moreover, if f € Ox(U), the map |- |r €
OF — |f(0(] - |F))| = |f|F is continuous since O is equipped with the topology
of pointwise convergence. Hence, the continuity of 6 follows, by the definition of
topology on M(X). Since both domain and codomain of § are compact Hausdorff
spaces, it is enough to show that 6 is a bijection. The classical Riemann-Zariski
space construction shows that valuation subrings of F' are in bijection with the
inverse limit of the system of F-submodels, see e.g. [Tem11, Corollary 3.4.7]. More
precisely, if O C F' is a valuation ring, then there exists a unique family of points
x(1) € X;, where (X;);cr is the system of F-submodels, such that O = lim Ox, (i)
Then absolute values on the residue field k£ of O correspond to consistent families
of absolute values on x(z(i)) for ¢ € I, which finishes the proof. O

Proposition 2.8. Let X be an F-submodel. Then the generic fiber of g : M(X) —
X is dense in M(X).

Proof. First note that it is enough to prove that for an open I C X the set ¢~ ()
is dense. Indeed, this is because M(X) is compact and Hausdorff, hence a Baire
space, and X has a countable basis of open subsets, whose intersection is exactly
the generic point of X.

Fix open non-empty subsets Y C X and V' C M(X). We need to show that V' N
¢ 1(U) # @. By |LP24, Proposition 6.4.1 and Proposition 6.6.10] the map M(X) —
M(Z) is open. Hence, by the description of M(Z) e.g. in |Poil0, Corollaire 3.1.12],
there is € V with its image z|g in M(Z) being an absolute value on Q. Since the
problem is invariant under raising an absolute value to a positive power, without
loss of generality x|g is either a p-adic absolute value on Q (for some prime p), or
the Euclidean one. Let K be the completion of Q with respect to this absolute
value.

Let X be the generic fiber of X — Spec(Z), so it is a smooth, projective scheme
over Q with the function field F. Denote by U the intersection of U with X and
assume that the point € V corresponds to an absolute value |- | on k(zg) for
xo € X. We consider two cases:

(1) z|g is non-Archimedean. In that case K = @, and we consider the Berkovich
analytification X3 of Xg with projection p : X3 — Xg. We get the pullback
diagram

xon Ly M(X)
| |
zlg —— M(Z)
12



As Ug C Xk is an everywhere dense open, by [Ber90, Corollary 3.4.5] the subset
p 1 (Uk) is everywhere dense in X2, Thus, as V intersects the fiber over z|g wit-
nessed by z € V, the set V N p~1(Uk) is non-empty. But p=*(Uk) = -1 (¢~ (U)),
so if y € p~1(Uk), then j(y) € V N g~ 1 (U), which finishes the proof in this case.
(2) z|g is Archimedean. In that case K = R and we look at the complex
analytification X&" which is a smooth complex variety with the conjugation map
c. Then the fiber of M(X) over z|g is X&"/c, and it is enough to prove that non-
empty Zariski open subsets of X yield everywhere dense open subsets of X&". This
is classical, and can be easily deduced e.g. from the resolution of singularities. [

We use the above proposition to get the following corollary.

Corollary 2.9. Let F be a countable field of characteristic zero. The set My is a
dense subset of ©p. In particular, the set Valr is a dense subset of Qp.

Proof. Note that Mp = (,cpx{|-| € OF : |a] < oco}. By the fact that ©p is
a Baire space, and F' is countable, it is enough to show that for a € F*, the set
V={l1€0p:]|a < oo} is dense.

Using the homeomorphism from Proposition it is enough to check that for
an F-submodel X and an open subset U C M(X), if we denote by s : ©p — M(X)
the natural projection, V N s~}(U) # @. By possibly replacing the F-submodel X
by one over it, we may assume that there is an open subscheme Spec(A4) C X such
that a € A C F. By Proposition there is a point z € U C M(X) such that its
first coordinate (if we write is as a pair) is in Spec(A) C X.

Now, if | - | € O is such that s(|-|) = z, then |-| € V N s~1(U), which gives the
desired non-emptiness. Since maps in the system of Berkovich analytifications of
F-submodels are surjective, such a pseudo-absolute value | - | exists, which finishes
the proof. |

Remark 2.10. One can perform the above constructions also in the relative con-
text, where we fix a base-field k C F and F is either finitely generated over k of
arbitrary characteristic, or countable. Indeed, let O/, C ©F be the set of pseudo-
absolute values that are 1 on £ and let My, be the set of absolute values on F
that are trivial on k. We then get (using the same proof as in Proposition

Ok =~ lim X,

where the inverse limit is taken over normal projective varieties X over k together
with an embedding of k(X) into F' over k. The Berkovich analytification X" is
with respect to the trivial absolute value on k. The generic fiber of the natural
projection 7 : X*"* — X is dense, by [Ber90, Section 3.5].

In the case where F' is countable, we can copy the proof of Corollary 2.9] to get
density of Mg/, in © /. In the case where F' is finitely generated over k, we can
write

Op/k > lim X,
k(X)~F

where in the limit we only take varieties over k with an isomorphism of their function
field with F (over k). If X’ — X is a birational map in the system, we get a
13



commutative diagram
X/ an X an

J J

Mpje —37 Mp/k

where the vertical maps come from isomorphisms k(X), k(X’) ~ F. Taking inverse
limits, we also get density in that case. Summarising, we get the following.

Corollary 2.11. Let & C F be either a finitely generated extension, or an extension
of countable fields. Then the set M/, is a dense subset of Oy

Let us come back to the context of a general field F. Define Qp to be the
quotient of Qp by the scaling action of R (with the quotient topology) and call
two elements of Qg equivalent if they lie in a single orbit of this action. We use the
symbol ~ to denote this equivalence relation. For a € F'* we define sets

Qp(a) :={v e Qp :v(a) =1},

and Qr(a) := 7(Qr(a)) for the projection 7 : Qp — Qp. Note that Qr(a) is the
set of classes of v € Qp with 0 < v(a) < co. Moreover, Qp(a) is compact and 7
defines a bijection between Qg(a) and Qr(a). We also have

Q= J ().

a€Fx

Remark 2.12. In general Qf is not Hausdorff. For example, if F = Q(z), then
the relation of being equivalent in Q5 is not closed. Indeed, consider the elements
0,7,2 —p~!in F and let |- | be an appropriate power of a Gauss absolute value of
suitable radius (with respect to the p-adic absolute value on Q) so that we have

ol =21z —p =2 =14
Let v,, be the corresponding valuation on F' and note that v, ~ n - v,. By taking
limits (possibly we need to pass to a subnet in [—oo, 0o]f), we see that v,, converges
to a pseudo-valuation v where the above triangle has sides (2,2,1), while n - v,
converges to a pseudo-valuation w where the same triangle has sides (00,00, ¢€).
Note that these values are not contained in {—00, 0,00}, so v,w € Qp. Moreover,
v is not equivalent to w.

Even though the full space Qr may not be Hausdorff, we have the following
lemma.

Lemma 2.13. The sets Qr(a) are Hausdorff topological subspaces, for a € F*.

Proof. Consider 771(Qp(a)) = {v € QF : 0 < v(a) < oo}. We show that
the relation of being equivalent is closed when restricted to this subset. Let
fo : @ YQp(a)) = [~00,00] be a function given by f,(v) = ZEZ))’ for b € F.

Note that these are continuous functions and for v, w € 77(Qp(a)) we have v ~ w
if and ouly if for all b € F the equality f,(v) = fp(w) holds, which is a closed
condition. (]

In particular, because restricted quotients 7 : Qr(a) — Qp(a) are continuous,
they are homeomorphisms between compact Hausdorfl spaces.
14



Consider an extension of fields FF C F’. The following shows that the Chevalley’s
extension theorem holds for pseudo-absolute values.

Lemma 2.14. Let v € Qp. Then, there exists v’ € Qs such that v'|p = v.

Proof. Let a € F be such that 0 < v(a) < co. Without loss of generality, we
can assume that v(a) = 1. Consider the restriction map Qp (a) = Qp(a). It is a
continuous map between compact Hausdorff spaces, so to prove it is surjective it
is enough to prove it has dense image. Thus, we can assume that v(2) # —oco. By
Remark we can assume that v = —log| - | for some non-trivial pseudo-absolute
value | - |.

Let O C F be the valuation ring of elements with |z| # oo and let k& and m be its
residue field and maximal ideal respectively. By Chevalley’s theorem on extending
valuations, there is a valuation ring O’ C F’ with maximal ideal m’ and residue
field k' such that O' N F = O and m’ N O = m. The non-trivial pseudo-absolute
value |- | induces an absolute value |- | on k and we are reduced to proving that the
corresponding valuation extends to a pseudo-valuation on &'

Let K be a complete, algebraically closed, valued field, such that the absolute
value | - | on k comes from an embedding k C K. Such exists, as we can extend
the induced absolute value on the completion of k to its algebraic closure. Take an
ultrapower K* of K such that k' embeds into K* over k. The ultrapower of the
valuation on K gives an abstract pseudo-valuation v* on K* with the value group
I'. Let A C T" be the convex hull of R and Ag C A be the convex subgroup of
infinitesimal elements. We use Lemma [2.2] twice: first restricting v* to A, and next
quotienting A by Ag. Identifying A/Ay with R, we get a (non-abstract) pseudo-
valuation u on K* extending v on k. By Remark we can write u = —log]| - |,
for some pseudo-absolute value |- |, that extends |- | on &k (without loss of generality
we can take ¢ = 1 for the constant from Remark [2.3). By restricting |- [, to k', we
are done. |

3. SEMINORMS

In this section we introduce a submultiplicative variant of (pseudo-)absolute
values and show how to obtain (pseudo-)absolute values from them.

Definition 3.1. A pseudo-seminorm |-| on aring Risamap |-| : R — RyoU{+0o0}
satisfying |z +y| < |z] + |y, |zy| < |z|-|yl, 0] =0, | £1]| = 1, with 0- co undefined.
A pseudo-seminorm | - | is called power-multiplicative if |x™| = |z|™ for all € R

and n € N. It is called a pseudo-absolute value if |zy| = |z||y| for all z,y € R. We
define a partial order on the set of pseudo-seminorms of F' by

|- <[ |2 & Vel |z <|z|

Note that a pseudo-seminorm on a ring R is simply the data of a subring R’ C R
(characterized by R’ = {z € R : |z| # oo}) and a seminorm | - |p on R’ such that
|1]o = 1. When R is a field, the notion of pseudo-absolute value coincides with the
one of Definition 2.1

Lemma 3.2. Let |- | be a minimal pseudo-seminorm on a field R. Then |- | is a
pseudo-absolute value.

Proof. Let R’ = {|z| < co}. Note that if there was a seminorm on R’ smaller than
the restriction of |- | to R’ then one could extend it to a pseudo-seminorm on R by
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taking the value co at R\ R’, which would contradict minimality of |- |. Hence, the
restriction of | - | is a minimal seminorm on R’. Consider its spectral radius norm
lim |2" /™ if 2| # oo
plz) =

n——+4oo

00 if |z| = oo.
It is a classical result (see [Ber90, Corollary 1.3.3]) that the spectral radius of a
seminorm is a power-multiplicative seminorm. By minimality, we get | - | = p,
which shows that | - | is power-multiplicative on R'.

Note that if |z| = 0 for x € R/, then for any y € R/, we have |zy| < |z||ly| = 0,

so in fact |zy| = |z||y| in this case. On the other hand, take x € R’ with |z| # 0.
Let us define the following function on R':

= inf 221
p(z) = nf T

By the power-multiplicativity of |- | on R, p(1) = 1 and it is easy to check that p
is subadditive, and submultiplicative on R’. Moreover, looking at n = 0 one gets
p < |-| on R'. By minimality, this means that p = |- |, so |y| = p(y) < %, which
proves that |zy| = |z||ly|. Thus, |- | is an absolute value on R'.

Let p = {|]z| = 0} C R’ be the prime kernel ideal of | - |. By the Chevalley’s
extention theorem, there is a valuation subring O C R with a maximal ideal m
satisfying R’ Nm = p. By Lemma [2.14] there is a pseudo-absolute value v’ on O/m
extending the norm |- | on R'/p. Extending this pseudo-absolute value by oo on
R\ O, we get that there is a pseudo-absolute value v on R extending the seminorm
|| on R’. By minimality (as a pseudo-seminorm on R) of |- |, we get that |- | = v,
i.e., that |- | is a pseudo-absolute value. O

Corollary 3.3. Let | -| be a pseudo-seminorm on F. Then, there exists a pseudo-
absolute value ||-||, such that ||-|| < |- .

Proof. 1t is clear that if S is a totally ordered set of pseudo-seminorms of F', the
lower bound | - |int defined by
Vo € F, |z|ins = inf |z|s.
|'|s €S

is again a pseudo-seminorm. Thus, we conclude using Zorn’s lemma and Lemma
3.2 |

Lemma 3.4. Let f: R — F be a ring homomorphism from a ring to a field, and
let | - | be a pseudo-seminorm on R such that
VeeR, f(x)=1=|z| > 1.
Then, there exists a pseudo-absolute value ||-|| on F' such that
Vz € R, ||f(z)]| < |-
Proof. Define a function ||-|jo : F — Rso U {+00} by

inf |zl
zef~1({y})
(thus ||y||o = +o0 if y is not in the image of f). The condition f(z) =1=|z| > 1
implies that ||1]jo = 1, hence ||-||o is a pseudo-seminorm. By Corollary there
exists a pseudo-absolute value ||-|| on F such that ||-|| < |||lo. By construction, it
satisfies the lemma’s conclusion. ]
16
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4. LATTICES

Important objects appearing in this paper are certain universal lattices of F'*.
Before we define those, we recall the definitions of a lattice monoid and a lattice

group.

Definition 4.1. A lattice monoid (group) is a commutative monoid (group) (T',+)
equipped with a join operation V which satisfies the following axioms.

Idempotence: Vx €', zVz =2

Commutativity: Ve,y €', aVy=yVz

Associativity: Vz,y,z €T, (xkVy)Vz=zV (yVz)
Translation-invariance: Va,y,z €T, (z+2)V(y+2)=(xVy)+ 2

A morphism of lattice monoids (groups) is a map from a lattice monoid (group)
to another which preserves addition and join. We call a lattice group divisible, if
the ambient abelian group is divisible. Every lattice monoid has a natural partial
order defined by

T2y < xVy==zr.

It is easy to see that this partial order is compatible with the group law of the
lattice group, and that the operations V and + are increasing with respect to this
order. Lattice groups have the following property which may not hold in lattice
monoids (for example in the lattice monoid of formal joins in F', see Deﬁnition.

Lemma 4.2. Let I" be a lattice group. Then for any z,y € I" and n € N we have
n(@Vy) = (na) v (ny).

Proof. By writing x = 2% + 2=, where 27 = 2 V0,2~ = 2 A 0, and similarly for ¥,
we are reduced to showing that (nz)®* = nz®. This follows from the calculation:

n 2n
(nz)™ +nat = (nx) VO + \/ (kz) = \/ (kz) = 2na™,
k=0 k=0
and similarly for (nz)~. d

The forgetful functor from the category of lattice groups to the category of
abelian groups has a left adjoint, which is called the universal lattice group functor.
Moreover, by Lemma [£.2] the forgetful functor from the category of divisible lattice
groups to the category of lattice groups also has a left adjoint. By composing those
we get a functor from the category of abelian groups to the category of divisible
lattice groups (left adjoint to the forgetful functor), which we call the universal
divisible lattice group functor. Let us describe how to construct these functors.

Definition 4.3. Let (G, +) be an abelian group. A formal join in G is an expres-
sion of the form \/, . ;[z], where [ is a finite subset of G. The set of such expressions
forms a lattice monoid with operations defined as follows:

VavVy=V =

xel yeJ zelJJ
VerVy=V =
zel yeJ zel+J
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In other words, the formal joins form a lattice monoid isomorphic to the lattice
monoid of finite subsets of G with join being the union and addition being the sum
of sets.

The Grothendieck group of this lattice monoid inherits its lattice group structure.
We call it the universal lattice group generated by G. Its divisible hull satisfies the
universal property of the universal divisible lattice group of G. Equivalently, one
could also take the Grothendieck group of the lattice monoid of formal joins in

GQZG@Q.

Now, we define the lattice group of tropical polynomials, which we use to encode
global structures.

Definition 4.4. Let zi,...,z, be symbols for abstract variables. Elements of
the universal lattice group generated by Zxi + ... + Zx, will be called Z-tropical
polynomials in x1,...,x,. Then, if G is a lattice group and g1, ..., g, € G, by the
universal property of the universal lattice groups generated by Zzx; +. ..+ Zx,, the
evaluation map Zzxy + ... + Zz, — G which sends z; to g; lifts uniquely to a map
from the lattice group of Z-tropical polynomials in x1,...,2, to G. If t is such a
tropical polynomial, its image under this map will be called the evaluation of t at
(91,---,9n), and denoted t(g1,...,gn).

Similarly, elements of the universal divisible lattice group generated by Zzi +
.. .+Zzx, will be called Q-tropical polynomials in x1, ..., x,. Then, if G is a divisible
lattice group and g1, ...,9, € G, the same construction yields an evaluation map
from the set of Q-tropical polynomials in z1,...,z, to G.

If = (x1,...,2,) is a tuple of variables, we will often write ¢(z) instead of ¢ to
indicate that t is a tropical polynomial in x1,...,x,. Notice that this is coherent
with the above defined evaluation map, as the evaluation of ¢ at x1,...,z, is equal
to t.

Another encoding of GVF structures will use a different lattice group called the
universal lattice associated to a field, which we now define.

Definition 4.5. We define the universal lattice of F, denoted ULatg(F), as the
universal divisible lattice group generated by (F'*, x). When a € F*, we denote

by d/i;/(a) the associated element of ULatg(F), i.e., the formal join of the singleton

{a}.

In other words, elements of the universal lattice of F'* can be represented by

differences

\/ div(z) = \/ div(y),

xzel yeJ
for finite I,J C F@ It follows that if ¢ is a Q-tropical polynomial and a =
(a1,...,ay) is a tuple of elements from F*, then t((fi:f(a)) = t(d/i:f(al), ce Cfl:f(an))
can be written in the above form in ULatg(F') with I and J consisting of multiples
of rational powers of a;’s (and hence in any divisible lattice group with a homo-

morphism div: F* — I'). More generally, using the same argument the following
holds.

Lemma 4.6. Let t(x) be a Q-tropical polynomial with x = (z1,...,2,). Then
there are terms o, (z) = Y__, qir -z and B;(z) = >0 mjk - @k (with gk, 7j5 € Q)
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over some finite index sets ¢ € I,j € J such that in any divisible lattice group I,
the equality
t(z) = maxas(z) — max () = max min(ay(o) — 6 (@)
holds, as functions on I'".
Using the above observations, we define a pairing between Qg and ULatg(F).

Definition 4.7. We define a pairing
ev : Qp x ULatg(F) — [—o00, 0],

by sending a pair (v, t(CTl:/'(a))) to v(t(d/i;(a))) :=t(v(a)), where a is a tuple. More
precisely, this formula works in the case where v is a valuation. In general, we
define it in the following way. Fix an element v € Qg and consider a quotient
group F /{v = 0}, where we quotient by elements z with v(z) = 0 (note that v

has a natural extension to F(S ). We define a linear order there by
T2y = vlz/y) 20,

where T, 7 are classes of x,y in the quotient. Now consider an element

a=\/div(z) - \/ div(y) € ULatg(F).

xel yeJ

Let 7, j be the classes of the biggest elements (with respect to >) of I, J respectively.
We put ev(v, o) = v(a) :=v(i/j) € [-00, 0] and leave it to the reader to prove that
it doesn’t depend on the choice of a presentation of o in ULatg(F'). Equivalently,
one could define

v(e) = maxminv(z/y).

Moreover, the same definition makes sense if v is an abstract pseudo-valuation on
F.

Remark 4.8. Let t be a Q-tropical polynomial and a be a tuple of elements from
F>*. From now on, when we write ¢(v(a)), we mean v(t(&i:f(a))), for any abstract
pseudo-valuation v on F or v € Qp. Note that the relation t(v(a)) = v(b) is
uniformly definable in any two-sorted structure (K,T' U {£oo},v) where K is a
field, T is a divisible ordered abelian group and v : K — I' U {£o0} is an abstract
pseudo-valuation.

Lemma 4.9. The pairing ev : Qp x ULatg(F) — [—o0,00] has the following
properties:

e v(aV f) =max(v(a),v(s)),

o v(a+f) =v(a) +v(p),
for all v € Qp, a, f € ULatg(F), and in the second equation the right-hand side is
undefined if one term is —oo and the other is co. Moreover, for a € ULatg(F'), the
corresponding map ev,, : Qp — [—00, 00] is continuous.

Proof. Continuity follows from the continuity of max and min on [—o0,c0]. We
omit the remaining verifications. O

Definition 4.10. By an ideal I in a lattice group I' we mean a subgroup such
that for all @« € T and 8 € T, |B| < |«| implies that 8 € I. Then the quotient I'/T
inherits the operations V and A, making it a lattice group.

19



Now, we define the notion of L!-lattices.

Definition 4.11. An L'-lattice is a lattice group I' which is also a R-vector space,
together with a norm ||-|| such that

e (I, ||-]) is a Banach space.

e Foralla €T, [laf = |la™|| + [Ja™ ||
If (T, ||-||) is an L'-lattice, then we can define a continuous linear form [ :I' — R

by
[a=latl-la].

Let us mention that every L!-lattice is isomorphic to one of the form L! (1) for
some measure [ on some measure space, see [Mey91].

Definition 4.12. Let F be a field. A lattice valuation on F is the data of an
L'-lattice T' and a map v : F — ' U {oo} satisfying:

v(zy) = v(x)+o(y), v(r+y) > v(@)Av(y)+u(2)A0, v(1) =0, v(zr)=occ ez =0,

and such that I' is generated as an L!-lattice by values of v (i.e., the divisible
sublattice generated by those values is dense in I'). Such a lattice valuation is
called global if for all z € F*, [v(x) = 0.

There is a natural notion of equivalence of two lattice valuations v : F' — I'U{oo},
v' i F — I U {oo}, namely an isomorphism of L!-lattices I' — I such that the
following diagram commutes

I’ U {oo}

L

F 25 TU{x}

Note that we need not have imposed the condition of being generated by values
of v, but we do so in order to have a bijective correspondence in Theorem [7.7]

5. MEASURES

In this section we define the space of lattice divisors of a field F', and show a
correspondence between positive functionals on this space and measures on Qp.
When F is countable, the measures can be assumed to live on the space of absolute
values M. Thus in that case, an adelic curve structure appears on F', in the sense
of [CM20]. However, even in the countable case, it is easier to produce measures
on Qp first, because of the topological properties of Qp.

Definition 5.1. Consider the subset I C ULatg(F') consisting of those a such
that for all v € Qp we have ev(v,a) = 0. It is an ideal by Lemma We define
a divisible lattice group LDivg(F') := ULatg(F)/I and call it the space of lattice
divisors on F. In particular, a € LDivg(F) is positive (written a > 0) if and only
if, for all v € Qp we have ev(v,a) > 0.

Let us consider a relative situation where F' is a field extending k. Using Lemma
we get the following corollary.

Corollary 5.2. The natural morphism ULatg(k) — ULatg(F') induces an embed-
ding LDivg (k) C LDivg(F) respecting the non-negative cone.
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Remark 5.3. The ideal I is in general not trivial. For example, if F = Q one can
consider an element

a = div(pg) Vv 0 — div(p) v div(q) V 0,
for some primes p # q. Then, by using Ostrowski’s theorem and direct inspection,

for any pseudo-valuation v on Q we have v(a)) = 0. However, if & = 0 in ULatg(Q),
this would mean that there is a finite subset A C Q* such that

AUpgA =AUpAUA,

but looking at the element of largest Euclidean norm in A, we get that this is
impossible.

Recall that for a locally compact Hausdorff topological space X, positive func-
tionals on the space of compactly supported continuous functions on X correspond
to Radon measures on X (this correspondence sometimes serves as a definition of
a Radon measure).

Definition 5.4. Let a € LDivg(F') be a non-zero, non-negative element. We define
a compact space
Qp(a) ={v e Qp:v(a) =1},
and its projection to Qr denoted Qp(a). Moreover, let
(a) :={pB € LDivg(F) : (3n e N)(|8| < n- a)}.

Note that («) is a sublattice of LDivg(F'). We call it the set of elements dominated
by a.

Construction 5.5. Fix o > 0 from LDivg(F') and consider the restricted evalua-
tion product
Qp(a) x {(a) = R.

It defines a natural map

i:{a) = C(Qr(a)),
given by 8+ (v +— v(8)). Note that by the max-closed/tropical Stone-Weierstrass
theorem, the image of i is a dense subset with respect to the uniform convergence
topology.

Definition 5.6. For a single element f € F* we call cﬂ:/( f) the principal lat-
tice divisor associated with f. A positive functional on F is a Q-linear map
[ : LDivg(F) — R which takes non-negative lattice divisors to non-negative num-
bers. We call | a global functional (or a GVF functional) if additionally it takes
principal lattice divisors to zero. Note that it can equivalently be described as a
linear map ! : LPicg(F) — R non-negative on the effective cone. Furthermore, we

say that [ is normalised if F is of characteristic zero and l((fi?/(2)+) = log 2.

Now, the following corollary follows from applying the Riesz-Markov-Kakutani
representation theorem to the pairing from Construction [5.5

Corollary 5.7. Let [ be a positive functional on F'. Then for every non-zero o > 0
in LDivg(F'), there is a unique finite Radon measure p, on Qp(a) such that for all

B € {a) we have
1(8) = /Wa) 0(B)dpa(v).

We also use the notation p, for the pushforward of this measure to Qp(a).
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Hence, a positive functional [ on F' induces a family of measures pi, on Qp(a)
for non-zero, non-negative oo € LDivg(F).

Lemma 5.8. For any non-zero, non-negative o,y € LDivg(F') the local measures
Ha, by associated to a positive functional [ on F' satisfy

dpa _ (@)
dpy  v(v)’
v(a)

when restricted to Qp(a) N Qp(y), where o(5) is a function taking the class of v to

28‘; (which does not depend on the representative).

Proof. First, note that we have

I(7) > 1y Ana) = / Y AT)dia() > 1 pal{v € (@) :0(0) = o))

Since n is an arbitrary natural number here, we get that

pa({v € Qp(a): v(y) = oo}) = 0.
Thus, for S € (@) N {7) we can write

. o),
") = /Qp(a) (B)dpa(v) /Qp(a)rmp(y) v(a)dua( )-

Symmetrically, we have

= v v) = 1}(5) v
W= /Qm) ()i ) /memF(v) v(7) Aty (0):

This finishes the proof. (I

For a € F* we denote by j, the measure on Qx(a) coming from a = (Ti:/(a)"’.
Note that for this choice we have Qp(a) = Qp(a).

Definition 5.9. By a family of local measures on F' we mean a family of finite
Radon measures p, on Qp(a) for a € F*, such that for any a,b € F'* we have

dpig o v(a)
duy  v(b)
on Qr(a) NQp((b) and p.{v € Qr(a) : v(b) = oo} = 0. We call such a family global
if in addition, for every a € F'*, we have
1a(Qr(a)) = pra-1(Qp(a™)).

Now we pass to a global description of GVF functionals.

Definition 5.10. An admissible measure on F' is a Radon measure y on 2 which
satisfies the following conditions.

(1) For every a € F* the function ev, : v — v(a) is p-integrable.

(2) There is a family of Borel sections s, : Qr(a) — 7~ (Qr(a)) of 7, such that

1 restricted to 771 (Qp(a)) is equal t0 Saxptq fOr fig := Tu(ptlr—1(0p(a)))-

Note that the Borel sections s, are uniquely determined, up to a set of u,-measure
zero. Moreover, we call p a global measure on F' (or a GVF measure) if in addition
for all a € F* the product formula holds:

/Q oa)dn(v) =0
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Remark 5.11. Note that the condition (1) in the above definition implies in par-
ticular that p{v(2) = —oo} = 0, hence p can be seen as a measure on the set of
pseudo-valuations Q%. We choose to work with the bigger space {1f to ensure that
the sets Qp(a) are compact.

Definition 5.12. Let u, 4’ be two admissible measures on F. We say that u can
be renormalised to ' if for every a € F* and Borel sections s,,s), : Qr(a) —

~1(Qr(a)) associated to measures ju, u’ respectively, the measures fi,, 11, obtained
as pushforwards of p, i/ through 7 : Qp(a) — Qp(a) respectively, satisfy:

/
a

dpa s

dpl, — sa’
Lemma 5.13. Renormalisation is an equivalence relation among admissible mea-
sures on F' that respects being a global measure.

Proof. The first part is clear. The second part follows from Lemma [7.2} O

We now describe how to construct an admissible measure on F' from a family of
local measures.

Construction 5.14. Fix a family of local measures (ji4)qcrx. Well order F* as
(@ )a<r for some ordinal k. We inductively build sections s, : Qr(a,) — Qr such
that for a, 8 < k we have

Sal@p (an)r (as) = S8l (0a) r (ap)

almost everywhere with respect to i, or jiq, equivalently. Assume that we have
already built such s, for v < o and let a = a,. Pick a countable sequence of
Yn < « such that for a,, = a,, the set |J, Qr(a) N Qp(a,) has maximal p,-
measure. Define s = s, : ﬁp(a) — Qp, at least up to u,-measure zero, as s, = Sy
on Qp(a) NQr(ay,) (this makes sense by the inductive assumption about s,,’s) and
on the rest define it to be the inverse of the projection m : Qp(a) — Qp(a). Let
Ve i= Jo* Saxtla, Where go(v) = 1/84(m(v))(aq). Next, define a measure p on Qp to
be the unique Radon measure which coincides with v, on 7= (2 (as)). This makes
sense, as every compact subset of Qr is contained in a finite union of 771 (Qr(a))’s
and the choice of g,’s ensures that v,’s agree on overlaps because of the following
calculation (on 7= 1(Qr(as)) N (QF ag

) sa(m(v) (@)

N(aa)  sa(m(v)(ag) "7

Va = Ga * Saxa = Ga 'Sa*(

! 1
m Saxlg = 36( ( ))(CLB) “ Sk = 4Bt Spxp = V3.

Since
1

Voo o Baslla = Bas (sa@)(aa)’“)’

where ¥ € Qp(a,), the measure u satisfies the second condition in the definition
of an admissible measure. Moreover, by construction for every a = a, € F* (with
Sa = Sa,Va = Va) We have

v(a)Tdp(v) = v(a)du(v) = v(a)dyv, (v
forerae= [ @ = [ @)
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- _ @ ey = L (Tola)) < o
/ﬂ—lmF(a))Sa(W(v))(a)d“*“a() /nm)dua palSr(a)) < oo

Thus, u also satisfies the first condition from the definition of an admissible measure,
and a similar calculation for v(a)~ shows that a global family of local measures
induces a global measure on F'.

Remark 5.15. Note that in the above construction, if we start with ag = 1/2 in
the characteristic zero case, then we can assume that the obtained measure p on
Qp restricted to Archimedean v € Qp is concentrated on v’s with v(2) = —log2.
In particular, if F' is a countable field of characteristic zero, then by Remark [2:3] we
can assume that the measure comes from a pushforward of some measure via — log :
Mp — Valp C Qp. More precisely, we can even assume that the measure on My is
concentrated on the union of non-Archimedean absolute values and Archimedean
absolute values extending | - |, on Q.

6. PosiTivity

In this section we give an algebraic criterion for a lattice divisor to be positive.

Definition 6.1. We call lattice divisors of the form dfl:/(f) principal, for f € F.
The quotient of LDivg(F') by the subspace of principal lattice divisors is called the
space of lattice line bundles on F' and is denoted by LPicg(F'). The effective cone
of LPicg(F) is defined as the set of classes of positive lattice divisors on F.

Definition 6.2. Consider pairs (¢,t) = (¢(x,y),t(x)), where x,y are tuples of
variables, ¢(x,y) is a quantifier-free ring-language formula implying that none of
the variables of x is zero, and t(x) is a Q-tropical polynomial. We call such a pair
positive if
VF E (Va,b)(¢(a,b) = t(v(a)) = 0).

By VF we mean the common theory of triples (K,I' U {00}, v), where v is an
abstract pseudo-valuation on a field K and I is the corresponding divisible ordered
abelian group.
Remark 6.3. By adding dummy variables, for any tuples of variables x,y we can
see a Q-tropical polynomial ¢(z) as t(x,y). Thus, we can omit the second variable
y in the definition of positive pairs.
Proposition 6.4. Let k be a subfield of F' and a € LDivg(F'). The following are
equivalent:

(1) for every v € Qp that restricts to the trivial valuation on k, we have

v(a) < 0;

(2) there are finitely many a,...,a, € k* such that a < V!, cﬁ;(az)
Proof. The implication from (2) to (1) follows from Lemma To prove the other
one, assume for a contradiction that one cannot find finitely many elements in k
that satisfy (2). Then, a+C does not intersect LDivg(k), where C' denotes the non-
negative cone in LDivg(F'). In other words, the linear form ¢ : LDivg(k)4+Q-a — R
defined by ¢(a) = 1 and ¢|rpivy(x) = 0 is non-negative on C. By the Hahn-Banach
theorem, ¢ extends to a positive functional [ : LDivg(F) — R. Now, Corollary
and Construction [5.14] imply the existence of an admissible measure p on Qp such
that

1(8) = /Q o(B)dp(w)
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for all 8 € LDivg(F). Since ! vanishes on LDivg(k), ¢ must be supported on
Qp/i = {v € Qp : v, = 0}. Indeed, for x € k>, I(div(z) V div(z~1)) = 0 implies
that

[ 1@ldao) =o.
Qp

Since the evaluation map v — v(z) is continuous on Qp, this implies that v(z) =0
for all v € supp(u).
Now, the fact that fQF v(a)dp(v) = I(a) = 1 > 0 yields the existence of v € Qp/p,
such that v(a) > 0.
O

Corollary 6.5. Let k£ C F be a finitely generated extension. Then the ideal
Iy = {a € LDivg(F) : Vv € Valp;, v(a) = 0}
is the smallest ideal containing LDivg(k) in LDivg(F).
Here, the embedding LDivg(k) C LDivg(F) is the one from Corollary and

by Valp/, we denote valuations on F' that are trivial on k. Let us also denote by
Q)i pseudo-valuations on F' that restrict to the trivial valuation on k.

Proof. By Corollary we can replace Valp/, in the definition of I by Q.
Then the statement follows from Proposition [6.4] O

Now, we want to describe the set of positive lattice divisors in more detail, see
Corollary Let us start with the following lemma.

Lemma 6.6. For every tuple a = (a1, ...,a,) € (F*)™ and € € Rsq, the following
are equivalent:

no_
(i) For every pseudo-valuation v on F', v < A div(ai)> < 0if v is non-Archimedean,
i=1

and v (/\ (II\V(CLZ)> < —ewv(2) if v is Archimedean.

i=1

(ii) There exists a family (ms)senn of integers with mgs = 0 except for a finite
number of indices s, such that

D Imgf27e < 1,

seN”

Z mea® = 1.

seN™

and

Proof. First assume that (ii) is satisfied, and that there is a v € Qp such that
v (/\ (TR/(%)) > —ev(2)”. Let (mg)senn be a family satisfying (ii). Then:
i=1

e If v is non-Archimedean, we have rgin v(a;) > 0, so v(a;) > 0 for all i < n.

i<n

Thus, the equality )  y» msa® = 1 implies v(1) > 0.
e If v is Archimedean, we may, up to multiplication by a positive constant,
write v = —log||-||, where ||-|| is a pseudo-absolute value on F with ||2|| = 2.
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We then have minwv(a;) > —ev(2) = elog(2), so ||a;|| < 27¢. Thus,

i<n
E mga®

seNn

L=t} =

n
<Y Imgf27 <1
=1

Either way, we obtain a contradiction, which shows that (ii) implies (i).
Now, assume that (ii) is not satisfied. Consider the pseudo-seminorm ||| defined
on Z[Xy,...,X,] by

Z G,SXS

seNn

— Z |as|2—s\s|,

. seNn
and the ring homomorphism f : Z[X;,...,X,] — F sending X; to a; for all ¢ < n.
Then, ||| and f satisfy the conditions of Lemma [3.4] hence there exists a pseudo-
absolute value ||-|| of F' such that for all P € Z[Xq,...,X,], [|[f/(P)]]| < |P|e. In
particular |la;|] < 27¢ for all ¢ < n.

Assume that ||-|| is a non-trivial pseudo-absolute value. Then by Remark
v = —log||-|| is a pseudo-valuation on F. But v satisfies min;¢;<, v(a;) = €log(2),
which contradicts (i) since, if v is Archimedean, then v(2) = —log||2|| > — log(2).

On the other hand, if ||-|| is a trivial pseudo-absolute value, then |a;|| < 27° < 1
implies |la;]| =0 forall 1 <i<n. Let O ={z € F : ||z| < oo} be the valuation
ring associated to ||-||, and let v' : F — 3 U {+o0} be the corresponding abstract
valuation, where ¥ := F*/O*. Then § := mini¢;<,v'(a;) > 0in 3. Let A C X
be the smallest convex subgroup of ¥ containing 3, and Ag be the biggest convex
subgroup not containing 3. Then, by truncating v’ to A and taking the quotient by
Ay, we obtain an abstract non-Archimedean pseudo-valuation v whose value group
A/Ay can be embedded into R. Hence, v is a non-Archimedean pseudo-valuation
on F and by construction satisfies minq<;<, v(a;) > 0, which contradicts (i). O

Definition 6.7. For every ¢ € Ry, let I'. C ULatg(F') be the set of elements of
the form

/\ div E mija; | — /\ div(a;),
i=1 j=1 j=1

where a1,...,aq € F*, p,q € N*, and (m; j)i1<icp € ZP? is such that for all i < p,
1<i<q

q
Z |mi7j| < 2°.
j=1

Remark 6.8. For all ¢ > 0, I'. is closed under A. Indeed, if two elements of
ULatg(F) are writtenas A div(b;))— A div(a;) and A div(b))— A div(a])

1<i<m 1<i<n 1<i<p 1<i<q
respectively, then their meet is equal to:

o~ o~ —~
/\ div(biaj) | A /\ div(bja;) | — /\ div(a;aj).
1<i<m 1<ign 1<i<n
1<i<q 1<i<p 1<i<q

Thus, if both elements of ULatg(F') are of the form described in Definition
then their meet is also of this form.

Lemma 6.9. For any o € ULatg(F) and € € R, the following are equivalent:
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(i) For every pseudo-valuation v on F', v(«) > 0 if v is non-Archimedean, and
v(a) > ev(2) if v is Archimedean.
(ii) There exists an integer m € N such that ma € T'y,e.

Proof. (ii) = () Assume that ma € 'y, for some m € N. Then, ma can be

written as AL_; le( i) — /\q le (aj) where aq,...,aq,b1,...,b, € F*, and for
q

all i < p, there is a tuple (m;1,...,m;4) € Z9 such that b; = > m, ja;, and
j=1

;]-:1 |m; ;| < 2™¢. Then, for every pseudo-valuation v and i < p:

e if v is non-Archimedean, 12112 v(a;/b;) <0,
1<j<q
e if v is Archimedean, 1r<m£1 v(a;/b;) < —mev(2).
IIXY

Using the fact that m - v(a) = v(ma) = min max v(b;/a;), we conclude that «
1<i<p 1<5<q

satisfies (i).

(i) = (ii) Let o € ULatg(F) and assume that « satisfies (i). Since any element
of ULatg(F) can be written as a meet of elements of the form — A", d1v(al) with
a=(a,...,a,) € (F*)", and by Remark. it is enough to prove (i) = (ii) for
elements of this form.

Let ||-|]|e be the ring norm on Z[X7, ..., X,] defined by

> m X = > mgf2l,

seN”m seNn

Then, by Lemma [6.6] there exists a polynomial P € Z[Xj, ..., X,] with [|P|. < 1,
such that P(a) = 1.

Claim 6.10. We have a € I';, with 2° = deg P (% + n)

Proof. We define the (finite) subset E of Z[ X1, ..., X,,] of homogeneous polynomials
H of degree deg H < deg P, such that ||[H||. < 1 and H(a) # 0. Then, o may be

written as
/\ d1V /\ d1V (a;H

HeE 1<ig<n
HGE

We now show that o € I's by writing each H € F as a sum of at most 2° terms of
the form a;H' with 1 <i<n, H € E.

e If deg H > 1, then we may write H = Y X;H; with Hy,..., H, homo-
i=1
geneous polynomials of degree deg H — 1 such that ||H|. = 27¢ Z | H: |-

Then, for each 1 < i < n, the absolute values of the coefficients of H sum
to 25(degH_1)HH,»HE. By splitting the coefficients adequately, we can write
each H; as a sum of N; (homogeneous) polynomials such that the absolute
values of the coefficients in each of them sum to at most t = |25(deg H=1) |

where (dog H1)
2o HD) | |
. L1

t

. Thus, H; may be written as a sum of N; homogeneous polynomials of
degree deg H — 1 and of e-norm at most t25(1=des 1) < 1 Hence, H(a)isa
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sum of at most N = N; + ...+ N, terms of the required form, with

n zg(degH—l)HI{HE 2€degH||HHE 4¢
N < 1 7 — - < PYSETR)
; ( + - ) n+ ; n+ 2 — 1

since |[H||. < 1, and t > 2¢(dee H=2)(9= _ 1),
e If deg H = 0, then up to a sign change, H = 1, and by assumption

deg P

H(a)=1=P(a) = Y Pi(a),
d=1

where P, ..., Pyeg p are the homogeneous components of P. As seen above,

each P; may be written as a sum of at most n + % terms of the required
form, which concludes the proof of Claim [6.10]

O

Now, by Lemma « also satisfies (i) for some 0 < ¢’ < . But, for all m € N,
we have

ma = — N\ div(P(a)),
P

where the meet ranges over all homogeneous monomials of degree m in X1, ..., X,
whose number is ("*™!). Thus, Claim applies, replacing a by ma, € by me’,

n

P by P™ and n by ("+m_1), showing that ma € T'5 with 2° = m deg P (ﬂ + ("+m_1)).

n—1 ome’ _1 n—1

Since ¢’ < &, for large enough m, we have § < me, which concludes the proof. [

Corollary 6.11. For each o € ULatg(F), the following conditions are equivalent:

(i) For every pseudo-valuation v on F, v(a) = 0.
(ii) For every v € Qp, v(a) > 0.
(iii) For every € € R+, there is some m € N such that ma € T',..

Proof. Note that (i) < (ii) since the set of pseudo-valuations is a dense subset of
Qp. On the other hand, (i) < (iii) is a consequence of Lemma [6.9] O

If the ambient field is countable, positivity of an element o € LDivg(F') can be
checked by pairing with not necessarily all pseudo-valuations.

Lemma 6.12. Assume that F is countable and let a = t(d/i?/(a)) € LDivg(F).
Then « > 0 if and only if for all v € Valp we have t(v(a)) > 0.

Proof. By Lemma |4.9| the evaluation function v +— t(v(a)) is continuous. Thus the
result follows from Corollary and Corollary O

Corollary 6.13. Let F' be a countable field of characteristic zero. Then the divis-
ible lattice group LDivg(F) is isomorphic to the one introduced in [Sza23|, i.e., to
the divisible lattice group of arithmetic divisors in integral F-submodels, spanned
by principal arithmetic divisors (Tl:’( f), feF*.

Proof. From Lemma it follows that for a € LDivg(F) we have a = 0 if and

only if for all v € Valp we have v(a) = 0. Similarly, e.g. by [Sza23, Section 2.2], the

same holds for arithmetic divisors. Hence there is a canonical map from LDivg(F)

to its arithmetic “concrete” realisation and it is an isomorphism by construction. [J
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7. HEIGHTS

In this section we construct the correspondence between all the introduced struc-
tures. We start by defining globally valued fields via local terms.

Definition 7.1. Local terms on F are by definition a collection of functions R; :
(F*)™ — R indexed by Q-tropical polynomials ¢ (of arity n; respectively), that
are also denoted by

and which satisfy the following axioms:

(1) R are compatible with permutations of variables and dummy variables.

(2) (Linearity) Ry, 4+4, = Ry, + Rey, Ry = qR, for all Q-tropical polynomials
t1,t2,t and rational numbers q.

(3) (Local-global positivity) If (¢, ¢) is a positive pair (see Definition [6.2), then

(Va)(¢(a) = Ri(a) = 0).

We use the name product formula field to call a field whose local terms satisfy the
following axiom:

(4) (Product formula) [v(z)dv =0 for all z € F*.

Fields with local terms (resp. product formula fields) form a category where mor-
phisms are embeddings of fields such that the predicates R; of the bigger field
restrict to the ones of the smaller one. We call local terms trivial if all predicates
R; are zero.

Lemma 7.2. An admissible measure p on F' defines local terms on F' via

Ri(a) = / Ho(a))dpu(v).
QF
Moreover, these only depend on the renormalisation class of p.

Proof. Note that the map v — t(v(a)) can be bounded by a multiple of the maxi-
mum of the valuations of finitely many elements from F'*, by Lemma Hence,
the integral will be finite by the first condition in the definition of admissibility.

We check the local-global positivity axiom. If (¢,t) is a positive pair and F =
¢(a), then v — t(v(a)) in non-negative on Qp, so the integral will be non-negative.
We skip checking the other axioms of multiply valued field structures.

Assume that .y’ are in the same renormalisation class and keep the notation
from Definition Let f be a function supported on 7= (2 (a)) for some a €
F* which is homogeneous with respect to the Rsg-action, i.e., f(rv) = rf(v) for
r € Ryp. Then we have

= $,(T 7) = s@d““’ﬂ
thfﬁﬂdu(v)——J/ £ (50(5))dp1a (D) &/’ £ (5a(0) 2 41 ()

QO (a) Qe (a) duy,

/
— [ feo)Bdnm= [ femdnm = [ .
Qr(a) Sa Qr(a) QF
Now let f be a homogeneous (without loss of generality non-negative) function on
Qp that is both u, u'-integrable. Take ay,...,a, € F* such that the integrals with
respect to p1, y’ are approximated up to € by the integrals over !, Qp(a;). The
above calculation and the inclusion—exclusion principle shows that the integrals of
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f with respect to p, ' differ only at most 2, so they must be the same, as ¢ was
arbitrary. If we take f = evg for some g € LDivg(F'), we are done. O

Note that the first part of the above lemma works, even if p satisfies only the
first condition of being an admissible measure on F. Before we proceed further, we
need to prove a few properties of heights (see Definition which will allow us to
pass from heights to positive functionals.

Lemma 7.3. Let h be a height on F. Then, h is invariant under duplication of
coordinates, addition of zero coordinates, and multiplication of coordinates by roots
of unity. More precisely, let £ € F", x € F, and let A\ € F* be a root of unity.
Then,

h(&,z,x) = h(€, 2,0) = h(&, Ax) = h(&, x).

Proof. Let us start with duplication of coordinates. Using the fact that h(1,1) =0,
we have

But, by monotonicity, h(€, ) h(¢, x, a:) < h(f,x &, x), which shows that h(§, x,z) =
h(¢,x). Now, we show that h(1,0) = h(1,\) =

e By duplication of coordinates, h(1,0) = (1,0,0, 0) = h((1,0)®?) = 2h(1,0),
thus h(1,0) = 0.

e Let m be the order of A in F*, and consider the tuple A := (1, \,..., A™71).
Since we know h(1,1) = 0, we may assume that m > 2. Then, up to per-
mutation of coordinates, A®™ = (A,..., A), where the tuple A is repeated
m™~! times. Hence, by duplication of coordinates, mh(A) = h(A), thus
h(A) = 0. But, by monotonicity, 0 = h(1) < h(1,A) < h(A), which shows
that h(1,A) = 0.

Now, by monotonicity of h, we have

h(§ x) < h(&,2,0) < h((&,2) ® (1,0)) = h(§, z) + h(1,0),
and

h(§ x) < h(&x, Az) < h((§z) @ (1, A) = h(§, z) + (L, A).
Therefore, h(£,x,0) = h(&, z, Ax) = h(£, x). O
Lemma 7.4 (Generalized triangle inequality). Let h be a height on F' with Archimedean
error e. Then, for all n,m € N, and (x1,...,x,) € (F™)", we have

h(zy+ ...+ x,) < h(z1,...,2,) + logy(n)e.

Proof. First, we show that if the lemma is true for some n € N, it is also true for
2n. Indeed, we then have

hz1+ ...+ xzan) <h(z1+ ...+ Tn, Tpg1+ ...+ T2n) +e

(@1, Tpt1) + (32, Tpg2) + ..+ (Tn, 220)) + €
(z1,...,22n) + (logy(n) + e

(z1,...,T2,) + logy(2n)e.

By induction, the lemma is true whenever n is a power of 2.
In the general case, monotonicity allows us to add any number of zero tuples, so

h(z1+ ...+ x,) < h(z1,...,2,) + [logs(n)]e.
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Now, fix some n,m € N, and tuples 1, ...,x, € F™. For all p € N, by distributivity
of the Segre product relative to coordinate-by-coordinate addition, the p-th Segre
power of the sum z1 + ...+ x, can be written

@1+ +z) = ) 2,0..0,

On the other hand, the p-th Segre power is also distributive relative to concatena-
tion, hence (up to permutation of coordinates), (1, ..., 2,)®P is the concatenation
of the tuples z;, ® ... ® x;, for all (iy,...,i,) € {1,...,n}P. Thus,

h((z1 + ... 4+ 2,)%P) < h((21, ..., 2,)%P) + [logy(nF)]e,

e, p-h(x1+...+x,) <p-h(z,...,2,) + [plogs(n)]e. We conclude by dividing
by p as p goes to infinity. O

Proposition 7.5. Let [ : LDivg(F) — R be a positive functional. Define a height
h; on F by

V(z1,...,xn) € F"\ {0}, hi(z1,...,2n) = =1 /\ div(x;)
1<i<n
Ii;éo
Then, [ — h; is a bijection from the set of positive functionals on F' to the set
of heights on F, which additionally restricts to a bijection from the set of global
functionals to the set of global heights.

Proof. Tt is immediate that h; satisfies the axioms in Definition[I.1] with Archimedean
error e = hy(2, 1), since the lattice divisor (fl:z(x +y)— CTI;(LC) A (Tl;(y) - (TRI(Q) AO
is positive.

Now, for a height h on F', we may recover a group morphism I, : ULatg(F) — R
by setting

I |\ diviby) — A\ div(ai) | = h(a) — h(b),
j=1 i=1

for all a € (F*)™, b € (F*)™. This shows injectivity. To prove surjectivity, we need
to show that [, factors to a positive functional on F', i.e., that it is positive on the
positive cone of ULatg(F). For that, we use characterisation (iii) in Corollary [6.11}
More precisely, let us show that for all € > 0, if o € T, then I («) > —ce, where e
is the Archimedean error of h. By Definition we may write

o= A\ dviby) - A dvia),
j=1 =1

where a = (a1,...,a,) € (F*)", and each b; is a sum of exactly [2°] elements of
the form a;, —a; or 0, i.e., coordinates of the tuple a’ = (((—1,1) ® a),0) € F?"*1,
Note that by Lemma[7.3] h(a') = h(a).

Let r := |2¢], and fix a bijection 7 : {1,...,2n +1}" — {1,...,(2n+ 1)"}. For
all j € {1,...,r} consider the tuple d; € F"+1" such that, for all (iy,...,i,) €
{1,...,2n+1)}",

dj,Tl'(il,...Jr) = a;j-
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Since d; only contains coordinates of a’, we have h(ds,...,d,;) < h(a’) = h(a). On
the other hand, every b; is a sum of r coordinates of a’, so by construction, b is
contained in d; + ...+ d,. Thus, by monotonicity and Lemma [7.4

h(b) < h(dy + ... +d,)
< h(dy, ..., d.) +logy(r)e
<

h(b) < h(a) + ee.

Thus, I(a) > —ee. By additivity of I, and characterisation (iii) in Corollary
it follows that [, is positive on the positive cone of ULatg(F'), which concludes
the proof. Furthermore, it is immediate that h; is global if and only if [ is a global
functional. (]

Remark 7.6. The above proof also shows that for any height h, the Archimedean
error e can always be taken to be h(2,1).

The main result of this section is the following theorem giving equivalence be-
tween the above introduced definitions. How to pass between various equivalent
structures mentioned in the theorem is explained in its proof.

Theorem 7.7. There is an explicit bijective correspondence between the following
structures on F":

(1) Local terms,

2) Heights,

) Positive functionals,

) Families of local measures,

) Renormalisation classes of admissible measures,
(6) Equivalence classes of lattice valuations.

(

(3
(4
(5

Moreover, this correspondence respects the ‘global’ ones.

Proof. We describe how to pass between structures with consecutive numbers in
circle.
e To pass from (1) to (2), we define h(as,...,a,) to be Ri(ay,...,a,) for
t = —min(z1,...,2,). The axioms from Definition are satisfied with
Archimedean error e = h(2, 1), since the lattice divisor div(z+y) —dflzf(x) A
div(y) — div(2) A 0 is positive.
e From (2) to (3) (even to get the equivalence between those two) we use
Proposition [7.5
e From (3) to (4), a positive functional on F yields a family of local measures
(fta)aer= as in Corollary
e The passage from (4) to (5) is the content of Construction
e Lemma [7.2| provides a correspondence from (5) to (1).
e From (5) to (6), let u be an admissible measure on F. This makes L' (Qp, )
an L!'-lattice, and the map v : x — (v — v(x)) a lattice valuation (here T
is the L!-lattice generated by the image of v).
e Finally, from (6) to (2), if (T',v) is a lattice valuation on F', then we define
a height on F' by

hiay,...,an) = —/y(al) Ao Av(an).

This clearly satisfies the axioms from Definition [I.1
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It is obvious that going in a cycle, we get back the same structure. O

Definition 7.8. We say that F' is equipped with a multiply valued field structure
(abbreviated MVF) if it is given with one of the equivalent structures from Theorem
We call an MVF F a globally valued field (abbreviated GVF) if the MVF
structure is additionally global, or in other words it satisfies the product formula.

Corollary 7.9. If i is a Radon measure on Q0 satisfying the first axiom of being
an admissible measure on F', then there is an admissible measure v on F' inducing
the same MVF structure on F. Hence, an MVF structure on F' can be seen as
a Radon measure on Qp such that the evaluation functions are integrable, up to
the equivalence relation given by integrating homogeneous functions on Qg as in
Lemma

Finally, we can compare globally valued fields to proper adelic curves, which we
define below.

Definition 7.10. |[CM20, Section 3.1] An adelic structure on F' is a measure space
(Q, A, v) together with a map ¢ : w — |- |, from Q to Mg such that for all a € F*
the function

w > loglale
is integrable (and measurable) on 2. Moreover, we call the adelic structure proper
if for all @ € F*

/ log |aludi(w) = 0.
Q
Together, the data (F, (2, .4,v), ¢) is called an adelic curve.

Similarly as in Lemma [7.2] adelic structures on F' induce multiply valued field
structures by taking

Rifa) = [ t(loglal.)dv(w).
Q
Moreover, by Remark we get the following.

Corollary 7.11. If F is countable, then every multiply valued field structure on
F ' is induced by an adelic structure. Similarly, in that case every GVF structure on
F' is induced by a proper adelic structure. Moreover, 2 can be assumed to be Mp.

8. INTERSECTION THEORY

One can construct examples of globally valued fields using intersection theory
or Arakelov intersection theory. If X is an arithmetic variety, let us denote by
ADivg(X) the group of arithmetic R-divisors of C%-type, see [Sza23| for precise
definitions. Assume that F' is a finitely generated extension of Q. Let ADivg(F)
be the direct limit of ADivg(X)’s, over the system of arithmetic varieties X' with
their function field isomorphic to F. A GVF functional | : ADivg(F) — Ris a
linear map which vanishes on principal arithmetic divisors and is non-negative on
effective arithmetic divisors. With this notation we have the following.

Theorem 8.1. [Sza23, Theorem C| There is a natural bijection:
{GVF functionals ADivg(F) — R} «— {GVF structures on F'}

l— (Ri(a) = l(ft(a)))t

where Dy(a) = t(&i?z(a)) if a is a tuple from F'* and ¢ is a Q-tropical polynomial.
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The lattice structure on ADivg(F) was constructed in [Sza23| Section 3| and
Dy(a) is defined with respect to it. This result also follows from Theorem and
Corollary together with density of lattice divisors in the space of arithmetic
divisors from [Sza23|, Section 3.

In particular, if X is an F-model of dimension d over Spec(Z) and D is an
arithmetically nef R-divisor on X, then the map

(6) cD'.E
defines a GVF functional ADivg(F) — R, where the product taken is the arithmetic
intersection product (see e.g. [Ikol5|), possibly calculated on a blowup of X. In

fact, any GVF structure can be approximated by such functionals in the following
sense.

Theorem 8.2. [Sza23, Theorem B| The set of GVF structures on F' coming from
arithmetically ample arithmetic divisors D on F-models X, by the formula @,
is dense in the space of all GVF functionals ADivg(F) — R, with respect to the
pointwise convergence topology.

Let us remark that the example outlined in Equation from the introduction
comes from arithmetic intersection product by taking X to be P} and D to be
(Tl;(z) V 0 (equivalently O(1) with the Weil metric), where we write z =  for the
variable generating the function field Q(z) of PJ.

Similarly, if K is a finitely generated field over a field k and we restrict our at-
tention to GVF structures that are trivial when restricted to k, we get the following
correspondence.

Theorem 8.3. [BH22| There is a natural bijection:
{GVF functionals Divg(K/k) — R} «— {GVF structures on K trivial on k},

1— (Ri(a) == 1(Dy(a))),
where D;(a) = t(div(a)) for tuples a from F* and Q-tropical polynomials ¢.

Here Divg(K/k) = ligDiV@(X) is the direct limit of (Q-Cartier) divisors of
normal projective varieties X over k together with isomorphisms k(X) ~ K over
k. These are often called (Q-Cartier) b-divisors, see [Sho03]. The lattice structure
on Divg(K/k) is defined as follows: if D, E € Div(X) are effective Cartier divisors,
then we define D A E by the class of the exceptional fiber of the blowup X’ — X
of X at DN E. Equivalently, we define D A E as the class of D N E on a blowup
X’ where D N E is a Cartier divisor. For Q-divisors, or non-effective divisors, we
extend using axioms of a lattice group. The proof that it is well defined is the
same as in [Sza23|. A GVF functional ! : Divg(K/k) — R on the left hand side
of the correspondence is a linear map which vanishes on principal divisors and is
non-negative on the effective cone. Let us note, that there is a natural pairing
Valg /i, x Divg(K/k) — R satisfying the conclusion of Lemma and such that
for D € Divg(K/k) we have D = 0 if and only if, for all v € Valg,, we have
v(D) =0.

Proof of Theorem[8-3 By Theorem [7.7] the data of a GVF structure on K trivial
on k is equivalent to the data of a GVF functional [ : LDivg(K) — R that vanishes
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on LDivg(k). Let I, C LDivg(K) be the ideal generated by LDivg(k) (in the sense
of Definition [4.10)). It is enough to prove that as lattice groups

LDivg(K) /I ~ Divg (K /k).

We construct the isomorphism in the following way. First, there is a map f :
ULatg(K) — Divg(K/k) coming from the universal property. Second, note that
the ideal I from Definition [5.1] is contained in the kernel of f. Indeed, if a € I,
then f(a) pairs with any v € Valg ;. to zero, so f(a) = 0. Thus, f factors through
f : LDivg(K) — Divg(K/k), and from Corollary we get that the kernel is
exactly the ideal generated by LDivg(k), which finishes the proof. a

From the above proof we get the following.

Corollary 8.4. The quotient of LDivg(K) by the (lattice group) ideal generated
by LDivg(k) is isomorphic to Divg(K/k).

In fact, GVF functionals also vanish on numerically trivial divisors. We give a
simple proof below.

Lemma 8.5. [BH22| Proposition 11.5] Let [ : Div(K/k) — R be a GVF functional.
Then for a numerically trivial divisor E, the equality {(F) = 0 holds.

Proof. Assume that E is a divisor on X with k(X) ~ K and fix an ample Q-divisor
A on X. Since F is numerically trivial, Q-divisors A &+ F are ample (by Kleiman’s
criterion). Hence, for some big enough n we get that n(A + E) are rationally
equivalent to effective Q-divisors. Thus

n-l(A+ E) = l(n(A+ E)) > 0.

Dividing by n, we get |I(E)| < I(A). Since A was an arbitrary ample Q-divisor, by
replacing it by tA for arbitrarily small ¢ > 0, we get I(E) = 0. O

Hence, the left (and so also the right) hand side of the correspondence in Theorem
[8-3] can be equivalently described as

NY (K/R) = lim N7 (X),

where N, (X) is the movable cone in N;(X) (i.e., the dual cone to the effective
cone in N1(X)). Let us point out that the cone N; (K/k) has appeared in [DF22)
under the name BPF?~!(X) where d is the transcendence degree of K over k.
Note that if D is an ample divisor on a d-dimensional X with k(X) ~ K, then
the formula
Ew D41 F

defines a GVF structure on K and the set of such GVF structures on K (trivial on
k) is dense.

Theorem 8.6. [BH22, Corollary 10.11] The set of GVF structures on K coming
from ample divisors D on varieties X with k(X) ~ K (by the formula E — D4~1.E)
is dense in the space of all GVF functionals Divg(K/k) — R, with respect to the
pointwise convergence topology.

In a different language, this was independently proven in |[DF22, Theorem C].
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9. DISINTEGRATION

Consider a field extension K C L and assume that L is equipped with an MVF
structure. One can describe the restriction of this structure to K using any of the
equivalent notions from Theorem [7.7] For example, if (u},),crx is a family of local
measures on L, then for a € F, one can look at restrictions 2y, (a) — Qx(a) and if
e denotes the pushforward of u!, then (pq)q.cx= is the family of local measures
on K corresponding to the restricted multiply valued field structure. Similarly, if
i’ is a measure on £, inducing the MVF structure on L, then for the partial map
r: Qp — Qg restricting elements to K, the measure y = r, ' induces the restricted
MVF structure on K. Also, one can look at the restriction of the corresponding
positive functional, via the embedding from Corollary [5.2] Finally, the restriction
of the MVF or height functions is just the restriction of their domains to the smaller
field.

Let us introduce some notation regarding the partial restriction map r : Qp —
Q. It is defined on

QL:K = {U S QL : U|K g {—OO,O,OO}K}.

We denote the complement of this open set by Qp/x. Also, for v € Qi we write
Qr., for the set of w € Qf, with w|x = v. Hence

Qr.x = U Q.

VEQ K

Let p be an admissible measure on L. We can write y as the sum of its restrictions
to Qr.k, QK. We denote these restrictions by ur.x, pir/ i respectively. Note that

MW=pLK +Rr/K-

Lemma 9.1. If r.u can be renormalised to an admissible measure v on K, then p
can be renormalised to an admissible measure p’ on L such that r.u' = v.

Proof. Note that the local measures associated to v and the pushforwards of the
local measures associated to u are the same. Hence, given sections s, : Qx(a) —
Qk(a) for a € K* agreeing on overlaps, it is enough to construct sections u, :
Qr(a) = Qr(a) (agreeing on overlaps) such that the diagram

QL((L) L) QL(G)

l lr
Qx(a) = Qx(a)

commutes. This is by copying Construction for both K and L. Start by
taking any sections wu, agreeing on overlaps (construct them as in Construction
5.14). Next, let h, : Qr(a) — Rsg be defined by

Sq (U
ho(z) = 22l0lK).
U (V)|
Since both s,’s and u,’s agree on overlaps, we get that h,’s also agree on overlaps,
so by putting

/

Uy = hg - Uq

we are done. O
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Thus, if v is a global measure on K inducing a GVF structure, and there is a
GVF structure on L extending the one on K, one can find a global measure p on
L such that r.pu =v.

Let us restrict our attention to the case where K, L are countable. Note that then
Qk,Qp are locally compact, separable metric spaces (because a compact metric
space is separable). Using a disintegration theorem, we get the following description
of GVF extensions.

Corollary 9.2. Let v be a global measure on K. Then for every GVF structure
on L extending the one on K, there is a measure uy x on 0 x and a family of
measures [, on {)5.x, for every v € Qg , such that:

(1) v — uy is a Borel map and p, is a probability measure for v-almost every
element of Q;

(2) if HL:K =V Q& [y, that is M(A) = fQK /.LU(A)dl/(U), then M= Pk + HL/K
is a global measure on L inducing the GVF structure there;

(3) py is concentrated on 7~ (v) for v-almost all v € Q.

Proof. First we use Lemma to get a global measure p on L with rour.x = v.
Next, we order K* as (a;)i<., and for every a; we use the disintegration theorem
[PR25, Theorem A] to get the measures u, for v € 71 (Qx(a;) \ Uj<i§K(a’j))
satisfying the assumptions locally (where 7 : Q5 — Qx is the projection map). By

countability of K, the obtained family (u,)ycq, satisfies the required conditions.
O

Definition 9.3. We call a GVF structure on a field K discrete if it is induced
by a measure j = ) ;_; 0y,, i.e., a sum of Dirac deltas at some family of pairwise
non-equivalent valuations {v;};c; C Valg such that for every a € K* the set
{i € I :vi(a) # 0} is finite and we have ), v;(a) = 0.

Corollary gives a nice presentation of globally valued fields structures on
finitely generated extensions of a countable discrete GVF.

Corollary 9.4. Let K C L be a finitely generated extension of fields, where K is
countable and carries a discrete GVF structure given by the family {v;};c; C Valg.
Let X be a projective variety over K with function field isomorphic to L. Denote
by X" the Berkovich analytification of X; = X ®x K,, for ¢ € I, and by X§" the
Berkovich analytification of X treated as a variety over K with the trivial absolute
value. Then, there exists a measure pp on X§" and a family of probability measures

pi on XM such that
M= fio + Z i
iel
is a global measure on L. Moreover, all these measures are concentrated on points
in the analytifications mapping to the generic point 1 : Spec(L) — X.
On the other hand, any such family of measures with p satisfying the product
formula axiom yields a GVF structure on L extending the one on K.

Remark 9.5. Note that the measure yp above is not unique, because in X§"
there are many points corresponding to equivalent pseudo-valuations on L. This
is in contrast to X" for ¢ € I, where any two different points represent non-
equivalent pseudo-valuations on L, because all of them restrict to the same non-
trivial valuation on K.
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10. FINITE EXTENSIONS
In this section we study finite extensions of some globally valued fields.

Lemma 10.1. |[BH22, Lemma 12.1] Let C' be a curve over a field k with the
function field K = k(C') and fix t € K transcendental over k. Then, for every r > 0
there is a unique GVF structure on K which is trivial on k& and satisfies ht(t) = r.

Proof. This follows from the fact that N;* (K/k) = N;"(C) = R¢. For an alterna-
tive proof, see [BH22|. O

We write k(t)[r] to denote the unique GVF structure on k(t) with ht(¢) = r and
ht(a) = 0 for a € k™. Note that this notation depends on the choice of t.

Lemma 10.2. Let K be a number field. Then, for any r > 0, there is a unique
GVF structure on K satisfying ht(2) = r - log 2.

Proof. Let S C Valg be a set of representatives of equivalence classes of valuations
on K such that for all a € K* we have ) _gv(a) = 0. By the Ostrowski’s theorem
any GVF structure on K is given by a choice of weights w, > 0 such that for all
a € K* we have ) _gv(a)-w, = 0.

Let W be the R-vector space freely generated by S. A choice of weights as above
corresponds to a linear functional on W that vanishes at the image of the map
[ K* —= W, sending ato ) cqv(a)-v. Let N ={>] cgay-v:>] cga, =0} be
the kernel of the ‘summing of coordinates’ functional on W. It is enough to show
that the real vector space spanned by f(K*) is N, as then, a linear functional
[ : W — R that vanishes on f(K*) is the same as a linear functional on W/N ~ R.

Consider w =3 _ga,-v € N. We can write w = w’ + w” with w’ having zero
entries over Archimedean places, and w” having zero entries over non-Archimedean
places. The class of w’ modulo the span of f(K*) can be seen as an element of
ClI(K)®R = 0, as the class group of K is finite. On the other hand, by the Dirichlet
unit theorem, the dimension of the real span of elements from f(K*) with vanishing
non-Archimedean entries is of dimension r + r9 — 1, where rq, 79 are the numbers
of real and complex embeddings (up to conjugation) of K. Thus, the class of w”
modulo f(K™) is also trivial, which finishes the proof. O

If 7 = 1, we call this unique GVF structure (on a number field or Q) the standard
GVF structure. We write Q[1] for the standard GVF structure on Q, and Q[r] for
the one satisfying ht(2) = r - log 2.

For a general globally valued field, we only have uniqueness of a GVF structure
on a finite extension additionally assuming Galois-invariance. To prove it we need
a few lemmas.

Lemma 10.3. Let K C F be a finite Galois extension with the Galois group G.
Then the restriction map Q% — 5 is defined everywhere, and identifies 23, with
the topological quotient of 2% by G.

Proof. First we prove that the restriction map is defined everywhere. Assume that

| - | is a pseudo-absolute value on F' that is {0, 1, co}-valued on K, but not on F.

In particular, |- | must be non-Archimedean. Let a € F' be such that |a| > 1 and

let b; € K be such that Zign b;a’ = 0 and b, # 0. Let iy be such that bi, is the

largest, in the sense that for i # ig we have |b;, /b;| > 1. Dividing everything by b;,
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we get

la| < max |b;/b;,| - |a]* < max |a|’.
i#io i#io

It follows that i9 = n, as |a] > 1. Thus without loss of generality b, = 1 and
|b;] < 1. If there is i with |b;| = 1, then max;,, |b;| - |a|® is uniquely achieved (say at
i1), so we get |a|™ = |b;,| - |a|* = |a|"* which gives a contradiction. Hence for all i
we have |b;| = 0 and so 1 < |a|™ < max;<, |b;|-]al® = 0, which gives a contradiction.

Now we prove that the restriction map is a topological quotient by G. By local
compactness it is enough to prove that G acts on fibers transitively. In other words,
we need to show that if |- |1, | |2 are pseudo-absolute values on F' that coincide on
K, then there exists g € G such that |g(-)|1 = |- |2

We split the problem in two cases, depending on | - | being non-Archimedean or
Archimedean. First, assume the former. Then let o; C O; denote the inclusions
{Jz|; < 1} C {]z|; # oo} for i = 1,2. Note that O; is uniquely determined by o,
as the ordered group F* /o, has a unique convex non-zero Archimedean subgroup.
By [EP05, Conjugation Theorem 3.2.15] there is a g € G such that go; = 02. By
uniqueness, we get that also gO; = O,, and since both |- |1, |- |2 extend a non-trivial
pseudo-absolute value | - | on K, we get that [¢g71(-)]y = | - |2.

Now, we assume that |-| is Archimedean. Let O1 = {|z|1 # oo}, O2 = {|z|2 # o}
and denote by O their intersections with K. By |[EP05, Conjugation Theorem
3.2.15] there is a g € G such that gO; = Os. Let us assume that O = Oa, by
replacing | - |; with |g7(-)|1. We end up with the diagram

F —— lU{co}

1

K —— kU{oo}

where k,l are the residue fields of O, O; respectively. Use the notation | - |1,] - |2
for the two induced absolute values on [ that extend the absolute value |- | on
k. Denote by G7 < G the subgroup fixing O; setwise. By |[EP05, Lemma 5.2.6],
using the fact that & C [ is separable as we are in characteristic zero, the natural
map G; — Aut(l/k) is surjective. Thus, it is enough to show that there exists
o € Aut(l/k) such that |o(-)|; = |-|2. We can assume that absolute values |- |1, |- |2
come from two embeddings of [ into C that restrict to the same embedding on k. By
|[EP05, Theorem 5.2.7.(2)] the extension k C I is Galois, which proves the existence
of the desired o € Aut(l/k) and finishes the proof. O

Lemma 10.4. Let G be a finite group acting on a locally compact topological space
X with a locally compact topological quotient r : X — Y = X/G. Assume that v
is a Radon measure on Y. Then there is a unique G-invariant Radon measure p on
X such that r.pu = v.

Proof. Since v is a Radon measure, without loss of generality we can assume that
Y is compact. In that case v is given by a functional v : C(Y) — R and we
prove that it has a unique G-invariant extension to C'(X). Note that the pullback
C(Y) — C(X) maps C(Y) bijectively onto C(X)%. Also, there is a retraction
Tr: O(X) = C(X)¢ = C(Y) defined by Te(f) = &7 X eq9"f. Thus, a G-
invariant functional p : C(X) — R extending v must be of the form pu(f) =
w(Tr(f)) = v(Tr(f)). This finishes the proof. O
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Note that the above proof works in the same way for a compact group G (using
the Haar measure instead of the counting measure). Now we prove the existence
and uniqueness of a Galois-invariant GVF extension. Existence can be concluded
using [CM20, Section 3.4].

Proposition 10.5. Let K be a GVF and consider a finite Galois field extension
K C F. Then there is a unique GVF structure on F' extending the one on K that
is invariant under the action of G = Aut(F/K).

Proof. By Lemma the restriction r : Q% — Qf% satisfies the assumptions of
LemmalT0.4] so for any global measure v on K there is a unique G-invariant measure
pon F such that 7.4 = v. By Lemmal[0.1] we get the uniqueness.

To prove existence it is enough to prove that the measure p obtained as above
satisfies the product formula. From the proof of Lemmawe get that for a € F'*

we have:
/ evy du :/ Tr(ev,)dv,
QF QK

where ev,(v) = v(a). However, using Tr(ev,) = Iifl?\ eVN(q) (Where N(a) € K is the
F/K-norm) we get the product formula, provided that we prove integrability of
evg.

Let Sy be the symmetric functions for k = 0,...,n (with n = [F' : K]) so that
> ke<n Sk (a)a*® = 0. Note that for any pseudo-absolute value | - | on F' we have

k k
lal™ < [n] max(|Sk(a)| - [al”) = [n]|Sk, (a)] - la]™,
where by an expression in square brackets like [n] we mean n if | - | is Archimedean
and 1 otherwise. By dividing and taking — log we get

(n — ko)v(a) > v(Sk,(a)) — logln] > minv(Si(a)) — logln],

k<n

where v = —log | - |. If we assume that v(a) < 0, we get that v(a) > (n — ko)v(a) >
ming <, v(Sk(a)) — log[n]. Hence, this gives a bound

—0(a)” < — minv(Sk(e)) + logn].

By Remark we can assume that the restriction of v to Archimedean v € Qg

is concentrated on the set {v(2) = —log 2}, so we can replace log[n] in the above
bound by —v(n)~. In this way we get integrability of the function —ev, and by
replacing a with a=! the integrability of ev, follows. O

Since we have uniqueness and existence for every invariant finite Galois extension,
there is also a unique Galois-invariant GVF extension to the algebraic closure. We
call it the symmetric extension. Note that without assuming Galois-invariance,
there can be multiple ways to extend a GVF structure to a finite field extension.

Example 10.6. Consider any GVF structure on Q(z,y) with ht(z) # ht(y). If
we look at the degree two extension Q(z + y,zy) C Q(x,y), then the symmetric
extension of the restriction of the starting GVF structure satisfies ht(x) = ht(y),
so yields a different GVF structure than the starting one.
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11. CONTINUOUS LOGIC

We outline unbounded continuous logic, at least for discretely metrized spaces.
We closely follow |[Ben08|, but in this simplified setting. For other introductions to
continuous logic, see [Ben+08| or [Har23].

Definition 11.1. A language L consists of the following data. First, a tuple of func-
tion symbols f, constant symbols ¢ and continuous predicate symbols P. Second,
for each function or predicate symbol, its arity is specified, and it is equipped with a
gauge modulus A, i.e., a right-continuous increasing function A, : (0, 00) — (0, c0).
At last, there are two distinguished predicates, a gauge symbol (or height symbol)
ht of arity 1, and the equality predicate =, of arity 2. For simplicity, we assume
that ht is also a continuous predicate symbol.

Example 11.2. The language of globally valued fields consists of binary function
symbols +, -, constants 0,1, and continuous predicates (h,)nen. We often skip n
when discussing h,,. Later we will determine the gauge moduli for these symbols.

Definition 11.3. Let £ be a language. An L-structure 91 is a set M together
with interpretations of function, constant and predicate symbols from £, and an
interpretation of a gauge symbol ht : M — R>o. Moreover, if f is a function symbol
with gauge modulus Ay, then

(Vr > 0)(Vz € M)(ht(z) <7 = ht(f(x)) < Ag(r)).
Similarly, for a predicate symbol P with gauge modulus Ap we demand that
(Vr > 0)(Vz € M)(ht(z) <7 = |P(z)| < Ap(r)).

At last, for each constant symbol ¢ we have a number A, such that ht(c) < A..
If the domain of f or P has more than one variable, we define ht : M* — R, by
taking maximum of heights of coordinates and impose the same condition.

Example 11.4. Let F' be equipped with a GVF structure, given by a global height
function h. We equip it with an L-structure, where L is the language of globally
valued fields in the following way. For x € F' we define

ht(x) := h[l : z].
Let e > 0 be such that ht(2) < e. Then the following inequalities hold:
e hi(zy) < ht(z) + ht(y),
o ht(z+y) < ht(x) + ht(y) +e.
To see this one can either prove it directly, or use Corollary together with
[DZ25), Proposition 1.13|. These inequalities show that the function A(r) = 2r + e
is a valid gauge modulus for addition and multiplication symbols. For constants 0, 1

we take A = 0. For a predicate symbol h,,, A, (r) =1+ n-r can serve as a gauge
modulus for h,, interpreted as the height h,, : F* — {—1} UR>( with h,(0) = —1.

Note that here we put h(0) = —1 instead of h(0) = —oo, because the value —oo
is not allowed in unbounded continuous logic.

Definition 11.5. Let £ be a language. We define L-terms inductively as follows:
e Any variable is an £-term.
e Any constant ¢ from £ is an L-term.
o If f is a function symbol from L of arity n, and ¢4, ...,t, are L-terms, then
flty, ..., t,) is an L-term.
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We then define L-formulas inductively as follows:

e If P is a predicate symbol from £ of arity n, and t1,...,t, are L-terms,
then P(t1,...,t,) is an L-formula.

e As connectives we use continuous functions R™ — R. So whenever ¢1(z), ..., g, (x)
are formulas in variables z and u : R™ — R is continuous, then u(y1 (), ..., @n(2)

is a formula.

e Let f:R>o — R be a compactly supported continuous function and ¢(z,y)
be a formula in tuples of variables x,y. Then we can form formulas of
variables y of the form:

d(y) = inf f(ht(z)) - o(z,y), E(y) = sup f(ht(z)) - p(z,9).

A formula is called quantifier-free if it does not use the quantifiers inf and sup. A
variable x is said to occur freely in a formula ¢ if it has at least one occurrence which
is not bound by a quantifier. A formula with no free variables is called a sentence.
We denote by F,,(L) (or F), if L is clear from the context) the set of £-formulas with
n free variables x1, ..., z,, and by F3(L) (or F) the set of quantifier-free formulas
in F,,(L). For each L-structure 9 one can inductively define the interpretation of
any formula ¢(z) evaluated on a tuple a from 9 (denoted ¢(a)™ or just ¢(a)).
In the base case of this induction, for an atomic formula w; = wy we define the
value (w1 = wq)™ (a) as 0 if wy (a) = wa(a) in M and 1 otherwise. Moreover, when
interpreting quantifiers, we put

(inf f(ht(2)) - @, b))™ = min(0, inf f(ht(a)) - ¢(a,b)™),

and similarly with supremum. If 997 has elements of unbounded height, this coin-
cides with the natural interpretation. This modification is needed for Lo$’s theorem
to hold.

Moreover, for each formula ¢(z) we define inductively its gauge moduli A, so
that

(VL — structures M) (Va € M)(Vr > 0)(ht(a) <r = |p(a)] < Ay(r)).
We leave the details on how to exactly define A, to the reader.

Definition 11.6. A theory T in a language L is a set of conditions of the form
¢ = 0 for sentences . For an L-structure 9t we say that 91 is a model of T' (written
M = T) if in M the conditions ™ = 0 from T hold.

We also allow conditions of the form ¢ € C' where C' is a closed subset of R, as
this gives an equivalent notion.

Example 11.7. Assume that £ is a language and let f be a binary function symbol,
P be a continuous predicate, and ¢ be a constant. Let us describe how to write the
statement

(Vm,y)(f(amy) =c¢c = P(z)= 0)
as a theory T, i.e., how to find a theory T such that the models of T are exactly
the L-structures satisfying (in the naive sense) this statement.
Let f, : R>o — R be a sequence of continuous non-increasing functions such
that fljo,n) = 1 and fy|[n41,00) = 0. For all natural n we consider the condition

[S;li) fn(bt(z,y)) - @n(xvy)] =0,
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where
n(2,y) = [min(1 - (f(z,y) = ¢}, |P(2)])].
The set T of all such conditions does the job, as if there was a model 9t of T

with a,b € M such that f(a,b) = ¢ in 9 and P(a) # 0, then for n such that
ht(a), ht(b) < n the formula

sup fn(ht(2,9)) - @n (2, y)

T,y
would be evaluated to something greater or equal min(1, |P(a)|) which is bigger
than zero.

Definition 11.8. We denote by GVF, the theory of globally valued fields in the
language of globally valued fields with ht(2) < e, see Example It consists
of the field axioms, the axioms from Definition the axiom ht(z) = hlz : 1],
axioms saying that ht(2) < e and h,,(0) = —1, and the product formula axiom
(asserting that the height A is global). More precisely, one needs to translate these
axioms to conditions of the form ¢ = 0, as in Example We skip the details
of this translation. By abuse of notation, if 9t = GVF, for some e > 0, we write
M = GVF. Moreover, for every Q-tropical polynomial ¢, we introduce a predicate
R; using height predicates h,, and Lemma [£.6]

Construction 11.9. Fix a language £. Let I be a set, U be an ultrafilter on I
and 9M; be L-structures for ¢ € I. We define the ultraproduct 9 := [[9N,; /U as
the quotient M := Ny/ ~ where

No = {(a;)icr € HMi : ht(a;) is bounded}
iel
and (a;)ier ~ (b;)ier if the set of indices ¢ where a; = b; is in U. We equip I
with an L-structure interpreting constants as classes of constants in the product

and functions as classes of values of functions in the product. For a continuous
predicate symbol P, we interpret it by taking:

P(la))™ = lim P(a(i))™,

imU
where [a;] is the class of (a(i))icr € No and lim;_,;, is the ultralimit with respect
to U. These definitions make sense by Definition [11.

Theorem 11.10. (Lo$’s theorem) Let ¢ be an n-ary L-formula and 9% be L-

structures for ¢ € I. Fix an ultrafilter U on I, let M := [[M; /U, and [a4], ..., [an] €
M. Then,
ell....an)™ = lim p(an(i). .. an ()™

Proof. The proof is a standard induction over the complexity of the formula . We
only describe how to deal with the quantifier case.

Consider a formula ¢(x) = inf, f(ht(y))-¥(x,y). Fix a tuple [a] = ([a1], ..., [an])
in M. First, assume that ¢([a]) < r and that the minimum in the inductive
interpretation is not attained at 0 (the other case is easy). This means that there
is a tuple [b] in M such that f(ht([])) - ¢([a], [b]) < r. By continuity of f and the
inductive hypothesis, we get that

lim f(htb(7)) - v(a(i), (i) <7



Thus
lim inf f(ht(y)) - ¥(a(i),y) <.

i—U Yy
On the other hand, assume that lim;_,; ¢(a(i)) < r. Without loss of generality,

assume that for all ¢ € I there is a tuple b(7) in M; such that f(ht b(¢))-1(a(i), b(i)) <
r. We have two cases now:

e cither ht(b(7)) is bounded,

e or it is not.

In the bounded case, there is a tuple [b] in M such that f(ht([b])) - ¢([a], [b]) <
r, which proves that ¢([a]) < r. In the unbounded case, since f is compactly
supported, we get that 0 < r. By the definition of interpretation of quantifiers, we
are done. (]

Example 11.11. Pick a sequence of real positive numbers (7;);<, converging to
zero. Let F be the ultraproduct [, Q[r;]/U with respect to an ultrafilter ¢/ on w.
Then F is a characteristic zero, algebraically closed field, with the GVF structure
trivial on Q. One can also consider a finite-to-zero characteristic variant, i.e.,
K =[], Fp(t)[1]/U, which is again, a characteristic zero, algebraically closed GVF,

with the GVF structure trivial on Q.

Example 11.12. Jensen’s formula :

r 1 27 .

> ordu(f)log =+ oo [ ~loglf(re)lds = Lo | 0)
la| ~ 27 Jo

0<]al<r

can be used to define a GVF structure on a subfield of meromorphic functions M.

Indeed, fix an ultrafilter u on Rs( that avoids finite Lebesgue measure sets. Let

n(r) be a function that converges to 0 when r — oco. Put

log(r/lal) 1 [*"

i do
) o7 /. max (0, — log | f(re 9)|)—

ht, . (f) := Z max (0, ord,(f)) n(r)

o<lal<r
and ht, ., (f) = lim,_,, ht, -(f). Then we define
Mn,u]l = {f € M :ht, .,(f) < oo}

and equip it with a GVF structure by defining heights h : P*(M]n,u]) — R sim-
ilarly. By existential closedness of C(t)[1] (see Section , the universal theories
of M[n,u] and C(t)[1] coincide. This formalises a rudimentary part of Vojta’s dic-
tionary between number theory and value distribution theory, and sets a goal of
formalizing more.

Definition 11.13. A set of conditions ¥ = {¢; < r; : @ € I} is approzimately
finitely satisfiable if for all finite Iy C I and € > 0 the set of conditions {p; <
r; +e:i € I} is satisfiable.

Corollary 11.14. (Compactness) Let X be a set of conditions in variables (24 ) o<,
and (ra)a<rs € RE,. Assume that 3’ = XU {ht(2,) <74 : @ < K} is approximately
finitely satisfiable. Then, it is satisfiable. Furthermore, assume that for each finite
subset o of ¥/ and ¢ > 0, ¢ is satisfiable up to ¢ in some model M, . = T. Then,
Y’ is satisfiable in some ultraproduct of the M, ..
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Proof. Write &' = {p; <r; :i € I'}, and let P,(I) be the set of finite subsets of I.
For each Iy € P,,(I) and € > 0, let My, . be a model in which {¢ < r; +¢:i € Iy}
is satisfiable, and let I C P, (I) be the set of I} such that Iy C I;. Then, the set

{Iy x (0,¢) : Iy € P,(I),e € (0,1)}

is stable under finite intersections, so we can extend it to an ultrafilter U on P, (I) x
0,1).

For all Iy € P,(I) and € > 0, let Iy € P, (I) be the finite set of indices of the
conditions ht(z,) < rq, for a such that x, occurs freely in ¢; for some i € Iy. Now,
let

me = [ M, 0r,./U.

Define a sequence ([aqa])a<s in D* in the following way: for all Iy € P,,(I) and e > 0,
set ([aa(lo,€)])a<s to be a realisation in M, 7 of {¢ < ri+e:i€ oV Iy}
Since we may choose any value of a, if x, does not occur freely in ¢, we set
ao = 0 in this case. Thus, for all @ < k, and for all (Ip,e) € P,(I) x (0,1),
we have ht(aq (7)) < 7o + 1, which ensures that [as] is indeed an element of 9.

Now, let ¢ € I, and € > 0, the set {i} x (0,¢) is in U, therefore by Lo§’s theorem,
o([aa) : @ < K)™ < r; 4+ . Since this is true for all € > 0, ([aa]a<x is indeed a
realisation of ¥'. O

Construction 11.15. Let T be a theory in a language £. We define the space of
n-types Sy, (T) as the set of functions f : F,,(£) — R such that there is 9 =T and
a € M™ such that f(¢) = p(a)™ for all ¢ € F,,. We equip it with the pointwise
convergence topology. We write Sy, ni<r(T') for the set of types with ht(z;) < r for
i=1,...,n. Note that

S (T) = U Snne<r(T)

r>0

and each Sy, n<r(T') is compact (by the compactness theorem). Moreover, S, (T') is
locally compact, and equipped with the colimit topology with respect to the above
union.

Similarly, we define the space of quantifier-free types SI(T') as the set of func-
tions f : F9 (L) — R which are satisfiable in some model of T Note that there
is a restriction map S,,(T) — S (T) (where the latter is the set of quantifier-free

n-types).

If M1 is a model of T', we define L), as the language obtained by adding constants
(Ca)aem to L. Then, M is naturally an £ys-structure by interpreting ¢, as a. An
Ly;-formula may also be called an £-formula with parameters in M. Let T’ be the
theory in £y, consisting of T and the atomic diagram of 9t (i.e., all quantifier-free
sentences about tuples from M, written using constants (¢4 )aear). Note that models
of T' correspond to inclusions M C N, where N is a model of T. If T is clear from the
context, we write S, (@) for S,(T) and if M =T, we write S, (M) := S, (T") with
T’ as above (we abuse notation slightly, as S,, (M) depends depends on the structure
9, not only on its underlying set). Similarly, we define S (M) := S (T"). For
a € M, we define tp(a/M) € S,,(M) and qftp(a/M) € SI(M) to be the respective

functions ¢ — o(a)™.



Definition 11.16. Let 9 C 9 be an extension of models of 7. A function f :
N™ — R is called M-definable if there exists a continuous function f : S, (M) — R
such that ~

Va € N, f(a) = f(tp(a/M)).
Similarly, f is called quantifier-free M -definable if there exists a continuous function
f:S9(M) — R such that

Va € N, f(a) = f(aftp(a/M)).
Note that in both cases f can be defined by the same formula on any 9t C 0 = T.
Similarly, a subset X C N™ is called (quantifier-free) M-definable if its indicator
function is (quantifier-free) M-definable.

Note that we can treat ¢ € F,(Ly) as an M-definable function by putting
o(p) := p(p) for p € S,(M). The induced map F,, (L) — C(Sp(M)) has a dense
image in the compact-open topology. If two formulas 1,02 € F,(L£) (without
parameters) define the same function in all models of 7', we say that they are
T-equivalent.

We could define type spaces over models of the universal part of T, but in the
GVF context that does not yield a more general notion, as GVF, is a universal
theory, at least if we add the inverse symbol to the language.

Remark 11.17. Let K be a GVF and let K be the underlying field, treated as
a structure in the language Lyings = (0,1,4,-). Then, the inclusion of the set of
Lyings-formulas into the set of formulas over the language of globally valued fields
induces a restriction map 7 : SI(K) — S (Kj), mapping qftp(a/K) to the point
aftp(a/Ky) € S¥(Ky) corresponding to the irreducible subvariety loc(a/K) =V C
A7 defined by polynomials that vanish on a. Since a generates K (V) over K,
qftp(a/K) is uniquely determined by qftp(a/Kp) and the heights of tuples from
K (V). Thus, there is a bijection between the fiber of 7 over V' and the set of GVF
structures on K (V') extending the one on K.

Remark 11.18. It is worth mentioning that the only quantifier-free definable sets
of bounded height in GVFs are the algebraically constructible sets. More precisely,
if K is a GVF and X C Sthtgr(K) is a clopen subset, then it is induced by
some constructible subset of K™. Indeed, this is because the set of quantifier-free
GVF types extending a given quantifier-free ACF type over K is convex, and hence
connected. Moreover, since —min(h(z),0) defines the characteristic function of
{0} in a GVF, the restriction map from quantifier-free GVF types to ACF types is
continuous.

12. EXISTENTIAL CLOSEDNESS

In this section we present a few notions from discrete logic in the unbounded
continuous setup. We follow [CK90, Chapter 3]. Let £ be a (unbounded continuous
logic) language and let T be an L-theory. Consider an extension 9t C 9N of models
of T.

Definition 12.1. Let 9t C 91 be an inclusion of £-structures. We write 9t <3 N

if M is existentially closed in N, which means that if p(z,y) is a quantifier-free

formula in £ and b € M!¥!, then for all € > 0,r > 0 the following holds:

(Ja € N7l : ht(a) < r)(p(a, )" =0) = (3a’ € MI® : ht(a') < r+e)(Jp(a’,b)™] < €).
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Equivalently, this means that for any formula ¢(x, y) valued in [0, 1] and any natural
n, if
N = ((sup fu(ht(z)) - (1 - p(2,b)) =1,
then
M = ((sup fu(ht(z)) - (1 = o(z,b)) = 1,
where f,, are the functions from Example

The e shows up in the definition, because with it we get the following lemma
directly generalising the discrete logic case.

Lemma 12.2. Let 9T C 9 be an inclusion of L-structures. The following condi-
tions are equivalent:
(1) M <3 N.
(2) In S (M), the set of quantifier-free types realised in 91 is dense in the set
of quantifier-free types realised in 9 for all n € N.
(3) For some ultrapower 0* of 9, there is an embedding O — IM* over M.

Proof. (3) = (1) follows directly from Lo$’s theorem.

(1) = (3) Let (aq)a<x be an enumeration of M, r,, = ht(a,), and let X be the set
of conditions of the form ¢; = 0 in the variables (z4)a<x, With parameters in M,
which are satisfied by the a,. Then, by (1), ¥ is finitely approximately satisfiable
in 9, so by Corollary ¥ is satisfiable in an ultrapower of 1.

(1) = (2) Let a € N", and let U C S (M) be an open set containing qftp(a/M).
Then, U contains a basic open set which can be expressed as a finite intersection
of conditions of the form {|p;| < d}, say for i < m, where all ¢; are quantifier-
free formulas with parameters in M. Then, Definition applied to the formula
o = max{|e1 — p1(@)”],..., |m — ¢m(a)™|} with r = ht(a) and ¢ small enough,
gives the existence of an a’ € M™ such that for all i < m, |p(a’)™| < 6. Hence,
qftp(a’/M) € U, which proves (2).

(2) = (1) follows from the fact that the intersection of conditions ht(z) < r +¢
and |p(z,b)| < e defines a neighborhood of qftp(a/M) in St (M). O

Similarly, we write 9t < 91 and call the inclusion elementary if for all tuples a
in 9 and all formulas ¢(z) we have p(a)™ = ¢(a)”. If the embedding 9 < 9N
in the above lemma is elementary, then 9t < 91 by Lo$’s theorem (and also vice
versa).

Definition 12.3. An L-structure M = T is ezistentially closed (with respect to
T) if for all extensions 9 C N = T we have M <3 N. We call T' model complete if
for all embeddings 91 C 91 of models of 7" we have 9t < 1.

Model complete theories also have the following characterisation.

Lemma 12.4. Let T be a theory. Then, T is model complete if and only if all
models of T are existentially closed.

Proof. The forward direction is clear, since 9t < 91 implies 2 <3 N.

Conversely, assume all models of T are existentially closed, let 9t C 91 be an
inclusion of models of T, and let ¢ be a sentence with parameters in M. We show
that ™ = ¢™ by induction on the complexity of .

If ¢ is quantifier-free, then by definition ¢™ = ™.
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If ¢ = inf, f(ht(z)) - ¥ (z), with ¥ such that 1(a)” = 9(a)™ for all a € M™,
then ©” = min(0, inf,cn= f(ht(a)) - ¥(a)”) < ™. On the other hand, by Lemma
there is an ultraproduct 9t* of 9t such that 9 embeds into 9" over 9. The
same argument as above shows that @™ < ¢V. But, by Lo$’s theorem, we have

O™ = ™ hence p”t = ™.
If ¢ is of the form sup, f(ht(z)) - ¥(x), the same argument applied to —i(x)
shows that ™' = ™, which concludes the proof. O

Definition 12.5. We say that an L-theory T™* is a model companion of T' if T* is
model complete and:

e all models of T" admit an embedding into a model of T,
e all models of T* admit an embedding into a model of T'.

If a model companion of T exists, it is unique. Moreover, similarly as in the dis-
crete logic, there is a following characterisation of existence of a model companion.

Lemma 12.6. Assume that T is inductive, i.e., that the union of a chain of models
of T is also a model of T. Let K be the class of existentially closed models of T'.
Then the following are equivalent:

(1) K is an elementary class,

(2) T has a model companion.
Moreover, if these conditions are satisfied, the model companion is the common
theory of K.

Proof. This is a straightforward consequence of Lemma [12.4] O

It is worth mentioning that if 7" is inductive, existentially closed models exist and
every model of T' can be embedded in one. Note that theories GVF, are inductive,
for e > 0. A very important question for the development of globally valued fields
is the following conjecture.

Conjecture 12.7. The theory GVF, has a model companion for e > 0.

The affirmative answer to this question would pave the way for the use of model
theoretic methods in studying heights. Immediately, it would follow that existen-
tially closed globally valued fields are elementarily equivalent to one of the following
(up to a scaling of the GVF structure): Q with ht(2) = log(2), Q(¢) with ht(t) = 1,
ht|g = 0, and F,,(¢) with ht(¢) = 1 for a prime p. This is because Q(t) and Q[1] are
existentially closed by [BH22; [Sza23| respectively. The proof methods in loc.cit.
and the recent developments of adelic curves [Liu26; |Séd23] suggest a positive an-
swer.

Let us note that existential closedness of the above GVFs and Lemma[I2.2]imply
the following result, which due to Corollary may shed some light on the study
of adelic curves.

Corollary 12.8. Every globally valued field K embeds in an ultrapower of:
e cither Q[r] if K is of characteristic zero and r = ht(2) > 0,
e or Q(¢)[1] (with ht(2) = 0) if K is of characteristic zero and ht(2) = 0,

e or F,,(¢)[1] if K is of characteristic p.

The GVF in the middle bullet could be replaced by any GVF of the form k(¢)[1]

with k of characteristic zero, for example by C(¢)[1]. -
Below is another corollary that follows from existential closedness of QI[1].
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Corollary 12.9. Let X be a variety over Q and let h be a quantifier-free formula
on X. Assume that there is an embedding X C P* and numbers C, D > 0 such

that hyy < C-h+ D on X(Q), and that there are only finitely many elements

x € X(Q) with h(z) smaller than some H € R. Then these elements can be
computed effectively (knowing C and D).

Proof. Let {x1,...,2,} = {z € X(Q) : h(x) < H}. Assume that x € X (L) satisfies
h(z) < H for some GVF extension Q C L. Then by existential closedness of Q[1],
there is 2’ € X(Q) \ {z1,...,7,} such that h(2’) < H, which gives a contradiction.
Hence, {x1,...,2,} is the set of all solutions to the condition h(z) < H on X in
all GVF extensions of Q[1].

Let L4 be a discrete first-order language with two sorts, one in the ring language
and another one in the ordered field language. We also add constants on the ordered
field sort R, indexed by the real numbers, and constants on the ring sort, indexed
by the algebraic numbers. Let T, be the first order theory given by the GVF
axioms from Definition (with —oo replaced by —1), but where the values of
the heights take values in the sort R, and where R is a real-closed field extending
R. Furthermore, we add to T, the quantifier-free diagram of Q. Note that for
any M | Ty, the set My := {m € M : ht(m) is bounded} has a natural GVF
structure: the height function is the composition of the R™-valued height with the
standard-part map. Let £ = C - H + D + 1. Then, by the assumptions and the
first paragraph of this proof,

n
Ti E (Vz € X) (h(x) <HAh(z) < E = \/x:xl) :
i=1
Hence, by the completeness theorem (for discrete first order logic), there is an
algorithm that will find a proof of this statement - a program listing all consequences
of Ty will at some point arrive at this sentence for the correct xy,...,z,. O
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